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1. AlusÐdec Markov

1.1. Stoqastikèc DiadikasÐec

Orismìc 1.1. Mia stoqastik  diadikasÐa sto sÔnolo S ⊂ R eÐnai mia mono-parametrik  oikogèneia
{X(t) : t ∈ T} tuqaÐwn metablht¸n, pou eÐnai ìlec orismènec ston Ðdio q¸ro pijanìthtac (Ω,F , P ).
Me �lla lìgia, gia k�je tim  thc paramètrou t ∈ T , X(t) : Ω → R me X(t)−1(B) ∈ F , gia k�je
sÔnolo Borel B ∈ B(R) ∩ S.

H par�metroc t, ènac pragmatikìc arijmìc, pou paÐrnei timèc sto sÔnolo T ⊂ R, sun jwc deqìmaste
ìti parist�nei to qrìno.

To sÔnolo S = ∪t∈T X(t)(Ω) = {X(t)(ω) : ω ∈ Ω, t ∈ T}, sto opoÐo paÐrnoun timèc oi tuqaÐec
metablhtèc thc stoqastik c diadikasÐac {X(t) : t ∈ T}, onom�zetai q¸roc katast�sewn kai ta stoiqeÐa
tou S onom�zontai katast�seic thc stoqastik c diadikasÐac aut c. Epiplèon, ìtan X(t) = s, gia
k�poia s ∈ S kai t ∈ T , lème ìti h stoqastik  diadikasÐa brÐsketai sthn kat�stash s sto qrìno t.

Autìc eÐnai o genikìc orismìc miac stoqastik c diadikasÐac me qrìnouc kai katast�seic sto R.
BebaÐwc, ja mporoÔsame na orÐsoume stoqastikèc diadikasÐec se genikìtera plaÐsia (p.q., se migadikì
qrìno   me katast�seic sto Rn   kai se pio genikoÔc q¸rouc) all� tìte ja xefeÔgame apì ton
eisagwgikì qarakt ra tou parìntoc keimènou.

P�ntwc, oi eidikìteroi tÔpoi stoqastik¸n diadikasi¸n exart¸ntai apì to ti eÐdouc eÐnai ta sÔnola
T kai S (san uposÔnola tou R ed¸). Pio sugkekrimèna, oi diaforopoi seic sthn tupologÐa twn
stoqastik¸n diadikasi¸n sundèontai me to an ta T kai S eÐnai arijm sima sÔnola (h diakrit 
perÐptwsh)   mh arijm sima sÔnola (h suneq c perÐptwsh, me thn ènnoia ìti ta sÔnola aut� èqoun
ton plhj�rijmo tou suneqoÔc).

Se ì,ti afor� to sÔnolo T twn qrìnwn, ìtan eÐmaste sth diakrit  perÐptwsh, dhlad , ìtan to sÔnolo
T eÐnai arijm simo, ìpwc ìtan T = {0, 1, 2, . . .} (  ìtan T = Z), tìte sun jwc gr�foume (san deÐkth)
n antÐ gia t (se parenjèseic) kai lème ìti h stoqastik  diadikasÐa {Xn}n≥0 (  {Xn}n∈Z) apoteleÐ
mia stoqastik  diadikasÐa diakritoÔ qrìnou.

'Otan eÐmaste sth suneq  perÐptwsh gia to T , dhlad , ìtan to T eÐnai èna mh arijm simo apeirosÔno-
lo, ìpwc ìtan T = [0,∞), h hmi-eujeÐa twn mh arnhtik¸n pragmatik¸n arijm¸n (  ìtan T = R),
tìte lème ìti h stoqastik  diadikasÐa {X(t)}t≥ 0 (  {X(t)}t∈R) apoteleÐ mia stoqastik  diadikasÐa
suneqoÔc qrìnou.

Anaforik� t¸ra me to sÔnolo S twn katast�sewn, genik¸c p�li, mporeÐ autì na eÐnai eÐte èna arijm -
simo sÔnolo (eÐte peperasmèno sÔnolo   arijm simo apeirosÔnolo)   èna mh arijm simo apeirosÔnolo.
ParadeÐgmata thc pr¸thc perÐptwshc eÐnai ta sÔnola katast�sewn S = Z   S = {0, 1, 2, . . .}  
S = {0, 1, . . . s}, gia k�poio jetikì akèraio s, kai thc deÔterhc perÐptwshc to sÔnolo katast�sewn
S = R.

Sto kef�laio autì all� kai se ìsa akoloujoÔn, plhn tou teleutaÐou kefalaÐou, ja asqolhjoÔme me
stoqastikèc diadikasÐec sthn perÐptwsh pou o q¸roc katast�sewn eÐnai arijm simoc. Ja epistrè-
youme sth mh arijm simh perÐptwsh tou q¸rou katast�sewn, ìtan ja exet�soume tic diadikasÐec
di�qushc sto teleutaÐo kef�laio.

'Otan ìmwc, pèran tou arijm simou q¸rou katast�sewn, upojèsoume ìti isqÔei mia akìmh shmantik 
idiìthta, pou onom�zetai idiìthta Markov (kai qontrik� epib�llei th stoqastik  diadikasÐa na stereÐtai
mn mhc , me mia ènnoia pou ja dieukrinisjeÐ kalÔtera stouc orismoÔc pou akoloujoÔn), tìte èqoume mia
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apì tic shmantikìterec eidikèc peript¸seic twn stoqastik¸n diadikasi¸n, tic stoqastikèc diadikasÐec
Markov (  Markobianèc stoqastikèc diadikasÐec), oi opoÐec orÐzontai me perissìterec leptomèreiec wc
ex c:

Orismìc 1.2. Mia stoqastik  diadikasÐa diakritoÔ qrìnou {Xn}n≥ 0 lègetai ìti eÐnai mia alusÐda
Markov, an afenìc ìlec oi tuqaÐec metablhtèc {Xn}n≥ 0 paÐrnoun timèc sto Ðdio arijm simo sÔnolo
katast�sewn S kai afetèrou isqÔei h parak�tw idiìthta Markov, gia k�je n = 0, 1, . . . kai gia k�je
si, si0 , si1 , . . . , sin−1 , sj ∈ S:

P (Xn+1 = sj |Xn = si, Xn−1 = sin−1 , . . . , X1 = si1 , X0 = si0) = P (Xn+1 = sj |Xn = si).

Orismìc 1.3. Mia stoqastik  diadikasÐa suneqoÔc qrìnou {X(t)}t≥ 0 lègetai ìti eÐnai mia alusÐda
Markov suneqoÔc qrìnou, an afenìc ìlec oi tuqaÐec metablhtèc {Xn}n≥ 0 paÐrnoun timèc sto Ðdio arij-
m simo sÔnolo katast�sewn S kai afetèrou isqÔei h parak�tw idiìthta Markov, gia k�je akoloujÐa
qrìnwn 0 ≤ t0 < t1 < . . . < tn kai gia k�je si, si0 , si1 , . . . , sin−1 , sj ∈ S:

P (Xtn = sj |Xtn−1 = si, Xtn−2 = sin−1 , . . . , Xt0 = si0) = P (Xtn = sj |Xtn−1 = si).

1.2. Metab�seic

Sto kef�laio autì ja asqolhjoÔme apokleistik� me tic Markobianèc stoqastikèc diadikasÐec di-
akritoÔ qrìnou, dhlad , tic alusÐdec Markov, se ènan arijm simo q¸ro katast�sewn. Epiplèon,
gia k�je alusÐda Markov, ja sumbolÐzoume to q¸ro katast�se¸n thc me S = {1, 2, . . .}, enno¸ntac
ìti S = {1, 2, . . . , |S|}, ìpou |S| < ∞, ìtan to S eÐnai peperasmèno, kai |S| = ∞, ìtan to S eÐnai
(arijm sima) �peiro sÔnolo.

Orismìc 1.4. Mia alusÐda Markov {Xn}n≥ 0 sto q¸ro katast�sewn S = {1, 2, . . .} onom�zetai
omoiogen c, an, gia k�je n ≥ 1 kai k�je i, j ∈ S,

P (Xn+1 = j |Xn = i) = P (X1 = j |X0 = i).

Sth sunèqeia, ìtan ja anaferìmaste se mia alusÐda Markov, ja ennooÔme p�nta ìti prìkeitai gia mia
omoiogen  alusÐda.

Orismìc 1.5. 'Estw h alusÐda Markov {Xn}n≥ 0 sto q¸ro katast�sewn S = {1, 2, . . .}. Tìte o
pÐnakac P me stoiqeÐa

Pij = P (Xn+1 = j |Xn = i), gia k�je i, j ∈ S kai k�je n ≥ 0,

onom�zetai pÐnakac pijanot twn metab�sewn kai ta stoiqeÐa tou onom�zontai pijanìthtec metab�sewn
metaxÔ twn katast�sewn thc alusÐdac. Profan¸c, ìtan o q¸roc katast�sewn S eÐnai peperasmènoc,
ac poÔme |S| = k, tìte o pÐnakac P eÐnai t�xhc k × k, en¸ diaforetik�, gia S arijm sima �peiro, h
t�xh tou pÐnaka P eÐnai �peirh.

Prìtash 1.1. O pÐnakac pijanot twn metab�sewn P eÐnai ènac stoqastikìc pÐnakac, me thn ènnoia
ìti:

• ta stoiqeÐa tou P eÐnai mh arnhtik�, dhlad , Pij ≥ 0, gia k�je i, j ∈ S.

• ta ajroÐsmata twn gramm¸n tou P eÐnai Ðsa me 1, dhlad ,
∑

j∈S Pij = 1, gia k�je i ∈ S.
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Orismìc 1.6. Gia k�je duo akèraiouc m,n ≥ 0, o pÐnakac P (m,m + n) me stoiqeÐa

Pij(m, m + n) = P (Xm+n = j |Xm = i), gia i, j ∈ S,

onom�zetai pÐnakac pijanot twn metab�sewn se n b mata kai ta stoiqeÐa tou onom�zontai pijanìthtec
metab�sewn se n b mata metaxÔ twn katast�sewn thc alusÐdac Markov.

Profan¸c, P (m,m+1) = P. Epiplèon ìmwc, o P (m,m+n) den exart�tai apì to m, ìpwc sunep�getai
to epìmeno shmantikì apotèlesma.

Je¸rhma 1.1. (Oi Exis¸seic Chapman-Kolmogorov.) Gia k�je akèraiouc m,n, r ≥ 0,
isqÔei

Pij(m,m + n + r) =
∑
l∈S

Pi l(m,m + n) Plj(m + n, m + n + r).

Dhlad ,

P (m,m + n + r) = P (m,m + n) P (m + n, m + n + r)

kai, �ra,

P (m,m + n) = Pn, h n−ost  dÔnamh tou P.

Me �lla lìgia, sumbolÐzontac me P (n) ton pÐnaka P (0, n),

Pij(n) = Pij(0, n), gia k�je i, j ∈ S gia k�je n ≥ 0,

apì tic exis¸seic Chapman-Kolmogorov paÐrnoume

P (n) = P (0, n) = P (m,m + n) = Pn, gia k�je n, m = 0, 1, . . .

An, epiplèon, gia k�je qrìno n = 0, 1, . . . , sumbolÐsoume me µ(n) = (µ(n)
i : i ∈ S) to di�nusma

pijanìthtac thc katanom c thc diakrit c tuqaÐac metablht c Xn (dhlad , µ
(n)
i = P (Xn = i), gia

k�je i ∈ S kai k�je n = 0, 1, . . .), tìte èqoume to ex c apotèlesma.

Prìtash 1.2. µ(m+n) = µ(m)P (n) kai, �ra, µ(n) = µ(0)Pn.

1.3. TuqaÐoi PerÐpatoi

Mia eidik  perÐptwsh alusÐdac Markov eÐnai o tuqaÐoc perÐpatoc, pou orÐzetai sÔmfwna me ta
parak�tw.

Orismìc 1.7. Mia stoqastik  diadikasÐa diakritoÔ qrìnou {Xn}n≥ 0 lègetai ìti apoteleÐtai apì
tuqaÐec metablhtèc, pou eÐnai katanemhmènec anex�rthta kai ìmoia (k.a.o.), an h diadikasÐa aut 

(i) apoteleÐtai apì anex�rthtec tuqaÐec metablhtèc (pou shmaÐnei ìti oi tuqaÐec metablhtèc k�je
peperasmènhc uposullog c thc diadikasÐac aut c eÐnai anex�rthtec) kai

(ii) ìlec autèc oi tuqaÐec metablhtèc èqoun thn Ðdia sun�rthsh katanom c, dhlad , P (Xi ≤ x) =
P (Xj ≤ x), gia k�je i, j = 0, 1, . . . kai k�je x ∈ R.
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Orismìc 1.8. 'Estw h tuqaÐa metablht  Y0, pou paÐrnei timèc sto sÔnolo twn akèraiwn Z. Epiplèon,
èstw mia stoqastik  diadikasÐa diakritoÔ qrìnou {Xn}n≥ 1, pou apoteleÐtai apì tuqaÐec metablhtèc,
oi opoÐec paÐrnoun timèc sto sÔnolo {−1, +1} kai oi opoÐec eÐnai katanemhmènec anex�rthta kai ìmoia
me pijanìthtec, gia k�je n = 1, 2, . . . ,

P (Xn = +1) = p, P (Xn = −1) = q,

gia k�poia p, q ∈ (0, 1), p + q = 1. Tìte h stoqastik  diadikasÐa {Yn}n≥ 0, pou orÐzetai anadromik�
apì th sqèsh

Yn+1 = Yn + Xn+1, dhlad , Yn = Y0 +
n∑

i=1

Xi,

onom�zetai (aplìc) tuqaÐoc perÐpatoc sto Z me par�metro p ∈ (0, 1). 'Otan p = 1
2 , o tuqaÐoc perÐpatoc

onom�zetai summetrikìc.

Prìtash 1.3. O tuqaÐoc perÐpatoc {Yn}n≥ 0 sto Z me par�metro p ∈ (0, 1) eÐnai mia alusÐda Markov
sto sÔnolo katast�sewn S = Z me tic ex c pijanìthtec metab�sewn

Pij =


p, ìtan j = i + 1,
q = 1− p, ìtan j = i− 1,
0, se opoiad pote �llh perÐptwsh.

Epiplèon, gia k�je i, j ∈ Z kai k�je n = 0, 1, . . . ,

Pij(n) =


(

n
1
2 (n + j − 1)

)
p

1
2
(n+j−1)q

1
2

(n−j+1), gia n + j − 1 ≥ 0 �rtio,

0, alli¸c,

ìpou Pij(n) = P (Xn = j |X0 = i).

Je¸rhma 1.2. 'Estw o tuqaÐoc perÐpatoc {Yn}n≥ 0 sto Z me par�metro p ∈ (0, 1) kai i ∈ Z. Tìte

(i) limn→∞ Pii(n) = 0 kai

(ii) h pijanìthta ¸ste o tuqaÐoc perÐpatoc autìc na epistrèyei sto i, apì ìpou èqei xekin sei, eÐnai

Pii(m) = 1− |p− q|, gia k�poio m ≥ 1,

ìpou Pii(n) = P (Yn = i | Y0 = i), gia k�je n ≥ 1.

'Ara, ìtan p = q = 1
2 , o tuqaÐoc perÐpatoc p�nta epistrèfei sthn kat�stash, apì thn opoÐan èqei

xekin sei.

1.4. Taxinìmhsh Katast�sewn

Epistrèfoume t¸ra stic alusÐdec Markov kai ja prospaj soume na diereun soume k�tw apì poiec sun-
j kec isqÔei se genikìtero plaÐsio h idiìthta tou teleutaÐou apotelèsmatoc twn tuqaÐwn perip�twn.
'Estw loipìn mia alusÐda Markov {Xn}n≥ 0 sto q¸ro katast�sewn S = {1, 2, . . .} me pÐnaka pija-
not twn metab�sewn P.
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Orismìc 1.9. Mia kat�stash i ∈ S onom�zetai epanaferìmenh (  epanalambanìmenh) (recurrent),
an, opwsd pote, h alusÐda epistrèfei k�poia (mellontik ) qronik  stigm  sthn kat�stash aut , apì
thn opoÐan èqei xekin sei arqik�, dhlad , an

Pii(n) = P (Xn = i | X0 = i) = 1, gia k�poio n ≥ 1.

An ìmwc to endeqìmeno autì den eÐnai sÐgouro, dhlad , h prohgoÔmenh pijanìthta eÐnai austhr�
mikrìterh thc mon�dac, h kat�stash i onom�zetai parodik  (transient).

Par�deigma 1.1. 'Estw o tuqaÐoc perÐpatoc {Yn}n≥ 0 sto Z me par�metro p ∈ (0, 1). Tìte mia
kat�stash i ∈ Z eÐnai epanaferìmenh an kai mìnon an p = 1

2 , dhlad , an kai mìnon an o tuqaÐoc
perÐpatoc eÐnai summetrikìc.

Gia na melet soume touc qrìnouc epÐskeyhc (  prìsptwshc) se di�forec katast�seic miac alusÐdac
Markov, prèpei pr¸ta na d¸soume touc parak�tw orismoÔc (sumbolismoÔc).

Orismìc 1.10. Dojèntwn twn katast�sewn i, j ∈ S kai tou qrìnou n ≥ 1, sumbolÐzoume thn
pijanìthta ¸ste, ìtan h alusÐda arqÐsei sthn kat�stash i, na episkefjeÐ sto qrìno n gia pr¸th
for� thn kat�stash j, me

fij(n) = P (Xn = j, Xn−1 6= j, . . . , X1 6= j | X0 = i),

kai thn pijanìthta ¸ste, ìtan h alusÐda arqÐsei sthn kat�stash i, na episkefjeÐ k�pote thn kat�-
stash j (gia pr¸th for�), me

fij =
∞∑

n=1

fij(n).

Profan¸c, h kat�stash i eÐnai epanaferìmenh an kai mìnon an fii = 1 kai parodik  an kai mìnon an
fii < 1.

'Omwc, gia na d¸soume k�poia pio leptomer  krit ria epanafor�c me b�sh tic pijanìthtec metab�sewn
sto qrìno n, qrei�zetai na qrhsimopoi soume tic ex c genn triec sunart seic:

Pij(s) =
∞∑

n=0

snPij(n), Fij(s) =
∞∑

n=0

snfij(n),

ìpou Pij(n) = P (Xn = j |X0 = i) kai deqìmaste ìti Pij(0) = δij , to dèlta tou Kronecker, kai
fij(0) = 0, gia k�je i, j ∈ S. 'Opwc sun jwc, upojètoume ìti |s| < 1, gia na exasfalisjeÐ h sÔgklish
(se apìluth tim ) twn parap�nw seir¸n. Tèloc, parathroÔme ìti fij = Fij(1).

Prìtash 1.4. Gia k�je i ∈ S,

(i) Pii(s) = 1 + Fii(s)Pii(s),

(ii) Pij(s) = Fij(s)Pjj(s), gia k�je j 6= i.

Pìrisma 1.1. Gia k�je i ∈ S,

(i) h kat�stash i eÐnai epanaferìmenh an kai mìnon an
∑∞

n=0 Pii(n) = ∞

(ii) kai h kat�stash i eÐnai parodik  an kai mìnon an
∑∞

n=0 Pii(n) < ∞.
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Pìrisma 1.2. An h kat�stash i eÐnai parodik , tìte
∑∞

n=0 Pij(n) < ∞, gia k�je j. 'Ara, an h i
eÐnai parodik , tìte limn→∞ Pij(n) = 0, gia k�je j.

Je¸rhma 1.3. Gia k�je i ∈ S,

(i) h kat�stash i eÐnai epanaferìmenh an kai mìnon an

P (Xn = i, gia �peira poll� n |X0 = i) = 1,

(ii) kai h kat�stash j eÐnai parodik  an kai mìnon an

P (Xn = i, gia �peira poll� n |X0 = i) = 0.

Orismìc 1.11. Gia k�je i, j ∈ S, o qrìnoc epÐskeyhc (  prìsptwshc) sthn kat�stash j, ìtan h
alusÐda xekin� apì thn kat�stash i, orÐzetai wc

Tij = min{n ≥ 1: Xn = j,X0 = i},

me th sÔmbash ìti Tij = ∞, ìtan h alusÐda den episkèptetai potè thn kat�stash j. EpÐshc, orÐzetai
o mèsoc qrìnoc epÐskeyhc (  prìsptwshc) wc

τij = E[Tij ].

'Otan i = j, to τi = τii onom�zetai mèsoc qrìnoc epanafor�c sthn kat�stash i.

Pìrisma 1.3. Gia k�je i ∈ S,

τi =
{ ∑∞

n=1 nfii(n), ìtan h i eÐnai epanaferìmenh,
∞, ìtan h i eÐnai parodik .

Epiplèon, isqÔei

τi = F
′

ii(1).

Orismìc 1.12. H epanaferìmenh kat�stash i ∈ S onom�zetai mhdenik� epanaferìmenh (null re-
current), an τi = ∞, kai mh mhdenik� epanaferìmenh (non-null recurrent)   jetik� epanaferìmenh,
an τi < ∞.

Par�deigma 1.2. Sto summetrikì tuqaÐo perÐpato sto Z, k�je kat�stash eÐnai mhdenik� epanafe-
rìmenh.

Je¸rhma 1.4. Mia epanaferìmenh kat�stash i ∈ S eÐnai mhdenik� epanaferìmenh an kai mìnon an
limn→∞ Pii(n) = 0. Epiplèon, ìtan isqÔei h sqèsh aut , tìte limn→∞ Pji(n) = 0, gia k�je j ∈ S.

Prìtash 1.5. 'Otan o q¸roc katast�sewn S miac alusÐdac Markov eÐnai peperasmènoc, tìte
toul�qiston mia kat�stash prèpei na eÐnai epanaferìmenh kai k�je epanaferìmenh kat�stash prèpei
na eÐnai mh mhdenik� (jetik�) epanaferìmenh.

Sth sunèqeia, dojèntoc enìc sunìlou A jetik¸n akèraiwn arijm¸n, sumbolÐzoume me gcd A to
megalÔtero koinì diairèth twn arijm¸n tou A.
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Orismìc 1.13. H perÐodoc d(i) miac kat�stashc i ∈ S orÐzetai wc

d(i) = gcd{n ≥ 1: Pii(n) > 0}.

H kat�stash i onom�zetai periodik , an d(i) ≥ 2, kai aperiodik , an d(i) = 1.

Epiplèon, mia alusÐda lègetai aperiodik , an ìlec oi katast�seic thc eÐnai aperiodikèc. Diaforetik�,
h alusÐda lègetai periodik .

Me �lla lìgia, h perÐodoc thc kat�stashc i eÐnai o megalÔteroc koinìc diairèthc tou sunìlou twn
qrìnwn, gia touc opoÐouc h alusÐda mporeÐ na xanaepistrèyei sthn kat�stash i, apì thn opoÐan
xekin�. Diaforetik� eipomèno, Pii(n) = 0, ektìc an to n eÐnai pollapl�sio tou d(i), to opoÐo eÐnai o
mikrìteroc akèraioc, pou ikanopoieÐ aut  thn idiìthta.

Par�deigma 1.3. 'Olec oi katast�seic enìc tuqaÐou perÐpatou sto Z eÐnai periodikèc me perÐodo
2, parodikèc, efìson p 6= 1

2 , kai mhdenik� epananaferìmenec, efìson p = 1
2 .

Orismìc 1.14. Mia kat�stash i onom�zetai ergodik , an eÐnai mh mhdenik� (jetik�) epanaferìmenh,
kai aperiodik . Kai h alusÐda onom�zetai ergodik , an ìlec oi katast�seic thc eÐnai ergodikèc.

1.5. Taxinìmhsh AlusÐdwn

'Estw h alusÐda Markov {Xn}n≥ 0 ston arijm simo q¸ro katast�sewn S = {1, 2, . . .} me pÐnaka
pijanot twn metab�sewn P.

Orismìc 1.15. 'Estw duo katast�seic i, j ∈ S. Tìte lème ìti h kat�stash i epikoinwneÐ me thn
kat�stash j, an up�rqei qrìnoc n ≥ 1 tètoioc ¸ste

Pij(n) = P (Xn = j |X0 = i) > 0.

'Otan h kat�stash i epikoinwneÐ me thn kat�stash j, gr�foume “i → j”. An, epiplèon, kai h kat�stash
j epikoinwneÐ me thn kat�stash i, gr�foume “i ↔ j” kai lème ìti oi katast�seic i kai j epikoinwnoÔn
metaxÔ touc.

Parat rhsh 1.1. O prohgoÔmenoc orismìc twn epikoinwnoÔntwn metaxÔ touc katast�sewn eis�gei
mia sqèsh isodunamÐac “↔” sto S×S (dhlad , mia autopaj , summetrik  kai metabatik  diadik  sqèsh
sto S×S). Epomènwc, me ton trìpo autì, orÐzetai ènac diamerismìc tou S se kl�seic isodunamÐac wc
proc aut n th sqèsh.

Je¸rhma 1.5. An i ↔ j, tìte:

(i) h kat�stash i eÐnai parodik  an kai mìnon an kai h j eÐnai parodik ,

(ii) h kat�stash i eÐnai epanaferìmenh an kai mìnon an kai h j eÐnai epanaferìmenh,

(iii) h kat�stash i eÐnai mhdenik� epanaferìmenh an kai mìnon an kai h j eÐnai mhdenik� epanaferì-
menh,

(iv) h kat�stash i eÐnai mh mhdenik� (jetik�) epanaferìmenh an kai mìnon an kai h j eÐnai mh
mhdenik� (jetik�) epanaferìmenh,

(v) h kat�stash i eÐnai periodik  an kai mìnon an kai h j eÐnai periodik , opìte d(i) = d(j),

(vi) h kat�stash i eÐnai ergodik  an kai mìnon an kai h j eÐnai ergodik .

Orismìc 1.16. 'Estw C èna sÔnolo katast�sewn miac alusÐdac Markov. Tìte to C onom�zetai:
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• kleistì, an, ìtan h alusÐda mpei mèsa sto C, potè sth sunèqeia den bgaÐnei èxw apì to sÔnolo
autì, dhlad , an Pij = 0, gia k�je i ∈ C kai j /∈ C,

• aporrofhtikì (absorbing), an to C eÐnai kleistì kai perièqei mìno mia kat�stash,

• adiaq¸risto (irreducible), an k�je duo katast�seic i, j ∈ C epikoinwnoÔn metaxÔ touc (dhlad ,
i ↔ j, gia k�je i, j ∈ C).

Orismìc 1.17. Mia alusÐda Markov onom�zetai adiaq¸risth (  mh diaqwrÐsimh   mh anag ģimh)
(irreducible), an k�je duo katast�seic thc i, j ∈ S epikoinwnoÔn metaxÔ touc (dhlad , i ↔ j).
Diaforetik�, h alusÐda onom�zetai diaqwrÐsimh (  anag ģimh) (reducible).

Je¸rhma 1.6. (Diamerismìc Q¸rou Katast�sewn.) O q¸roc katast�sewn S miac alusÐ-
dac Markov mporeÐ na analujeÐ kat� monoadikì trìpo wc

S = T ∪
N⋃

j=1

Cj ,

ìpou ta sÔnola katast�sewn T,C1, . . . , CN eÐnai an� duo xèna metaxÔ touc, to T apoteleÐtai (mìno)
apì parodikèc katast�seic kai k�je èna apì ta C1, . . . , CN eÐnai kleistì kai adiaq¸risto kai apoteleÐtai
(mìno) apì epanaferìmenec katast�seic.

Par�deigma 1.4. Sto q¸ro katast�sewn S = {1, 2, 3, 4}, jewroÔme thn alusÐda Markov me pÐnaka
pijanot twn metab�sewn

P =


1
4

1
4

1
4

1
4

0 0 1 0
0 0 0 1
1 0 0 0

 .

Jèloume na taxinom soume tic katast�seic thc alusÐdac aut c kai na upologÐsoume to mèso qrìno
epanafor�c thc kat�stashc 1.

Pr¸ta, parathroÔme ìti ìlec oi katast�seic epikoinwnoÔn metaxÔ touc, pou shmaÐnei ìti h alusÐda
aut  eÐnai adiaq¸risth. Ac prospaj soume t¸ra na taxinom soume thn kat�stash 1. Kaj¸c èqoume

f11(1) = f11(2) = f11(3) = f11(4) = 1/4, f11(n) = 0, gia n ≥ 5,

dhlad , f11 =
∑∞

n=1 f11(n) = 1, h kat�stash 1 eÐnai epanaferìmenh. EpÐshc, epeid  τ1 =∑∞
n=1 nf11(n) = 1/4 + 1/2 + 3/4 + 1 = 10/4 < ∞, to 1 eÐnai mh mhdenik� (jetik�) epanaferìmenh

kat�stash. Epiplèon, epeid  P11(1) > 0, to 1 eÐnai kai aperiodik  kat�stash. Epomènwc, ìlec (kai oi
tèsseric) oi katast�seic eÐnai ergodikèc, afoÔ epikoinwnoÔn metaxÔ touc.

Par�deigma 1.5. Sto q¸ro katast�sewn S = {1, 2, 3, 4}, jewroÔme thn alusÐda Markov me pÐnaka
pijanot twn metab�sewn

P =


0 0 1

2
1
2

0 1 0 0
0 0 0 1
1 0 0 0

 .

Jèloume (i) na taxinom soume tic katast�seic thc alusÐdac aut c kai (ii) na upologÐsoume touc
mèsouc qrìnouc epanafor�c twn katast�sewn.
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(i) Profan¸c, h kat�stash 2 eÐnai aporrofhtik , aperiodik  (diìti P22(1) > 0) kai, me tetrimmèno
trìpo, mh mhdenik� (jetik�) epanaferìmenh. To sÔnolo {1, 3, 4} eÐnai adiaq¸risto kai kleistì
kai, �ra, oi katast�seic 1, 3 kai 4 eÐnai mh mhdenik� (jetik�) epanaferìmenec. Epiplèon, epeid 
d(1) = d(3) = gcd{2, 3, . . .} = 1 kai d(4) = gcd{3, 5, . . .} = 1, oi katast�seic 1, 3 kai 4 eÐnai
aperiodikèc kai, �ra, ergodikèc.

(ii) Gia na broÔme touc mèsouc qrìnouc epanafor�c twn katast�sewn, pr¸ta parathroÔme ìti

f11(1) = 0, f11(2) = 1/2, f11(3) = 1/2, f11(n) = 0, gia n ≥ 4,
f22(1) = 1, f22(n) = 0, gia n ≥ 2,
f33(1) = 0, f33(2k) = 0, gia k ≥ 1, f33(2k + 1) = (1/2)k, gia k ≥ 1,
f44(1) = 0, f44(2) = 1/2, f44(3) = 1/2, f44(n) = 0, gia n ≥ 4.

Kaj¸c, gia k�je epanaferìmenh kat�stash i, τi =
∑∞

n=1 nfii(n), paÐrnoume τ1 = 5/2, τ2 = 1, τ3 =
5, τ4 = 5/2.

Par�deigma 1.6. Sto q¸ro katast�sewn S = {1, 2, 3, 4, 5, 6}, jewroÔme thn alusÐda Markov me
pÐnaka pijanot twn metab�sewn

P =



1
2

1
2 0 0 0 0

1
4

3
4 0 0 0 0

1
4

1
4

1
4

1
4 0 0

1
4 0 1

4
1
4 0 1

4
0 0 0 0 1

2
1
2

0 0 0 0 1
2

1
2

 .

Jèloume (i) na taxinom soume tic katast�seic thc alusÐdac aut c kai (ii) na upologÐsoume touc
mèsouc qrìnouc epanafor�c twn katast�sewn.

(i) Ta sÔnola {1, 2} kai {5, 6} eÐnai adiaq¸rista kai kleist�. Epomènwc, sÔmfwna me to je¸rhma
tou diamerismoÔ tou q¸rou katast�sewn, ta sÔnola aut� prèpei na perièqoun mh mhdenikèc (jetikèc)
epanaferìmenec katast�seic (epeid  o q¸roc katast�sewn eÐnai peperasmènoc). Oi katast�seic
3 kai 4 eÐnai parodikèc, diìti autèc epikoinwnoÔn me ta kleist� sÔnola {1, 2} kai {5, 6}. 'Olec oi
katast�seic èqoun perÐodo 1, diìti pii(1) > 0, gia ìla ta i. 'Etsi, oi katast�seic 3 kai 4 eÐnai
parodikèc, en¸ oi katast�seic 1, 2, 5 kai 6 eÐnai ergodikèc.

(ii) Gia na broÔme touc mèsouc qrìnouc epanafor�c twn katast�sewn thc alusÐdac aut c, pr¸ta
parathroÔme ìti, me ènan aplì upologismì, brÐskoume:

f11(n) =
{

p11 = 1
2 , gia n = 1,

p12(p22)n−2p21 = 1
2(3

4)n−2 1
4 , gia n ≥ 2.

'Ara, epeid  h kat�stash 1 eÐnai epanaferìmenh, τ1 =
∑∞

n=1 nf11(n) = 19/6. Parìmoia, mporoÔn na
brejoÔn kai oi upìloipoi mèsoi qrìnoi epanafor�c.

1.6. St�simec Katanomèc

'Estw p�nta h alusÐda Markov {Xn}n≥ 0 ston arijm simo q¸ro katast�sewn S = {1, 2, . . .} me pÐnaka
pijanot twn metab�sewn P.

Orismìc 1.18. 'Ena di�nusma seir�c π = (πj : j ∈ S) lègetai ìti apoteleÐ mia st�simh katanom 
thc alusÐdac Markov, an to π ikanopoieÐ tic ex c sqèseic:

(i) πj ≥ 0, gia k�je j ∈ S, kai
∑

j∈S πj = 1, kai
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(ii) πP = π, me thn ènnoia ìti isqÔei h ex c exÐswsh olikoÔ isozugÐou

∑
i∈S

πiPij = πj , gia k�je j ∈ S.

Parat rhsh 1.2. ParathroÔme ìti h pr¸th apì tic duo sunj kec tou prohgoÔmenou orismoÔ lèei
ìti to π eÐnai èna di�nusma (mètrou) pijanìthtac, en¸ h deÔterh sunep�getai gia to di�nusma pijanìth-
tac thc katanom c thc diakrit c tuqaÐac metablht c Xn ìti, an µ(0) = π, tìte µ(n) = πPn = π, gia
k�je n > 0, dhlad , to di�nusma π apoteleÐ èna analloÐwto mètro (pijanìthtac) gia thn alusÐda
Markov.

Prìtash 1.6. An, gia k�je i, j ∈ S,

(i) up�rqei to ìrio limn→∞ Pij(n)

(ii) kai to ìrio autì eÐnai anex�rthto tou i, opìte to sumbolÐzoume wc

lim
n→∞

Pij(n) = πj ,

tìte eÐte to ìrio πj eÐnai h monadik  st�simh katanom  thc alusÐdac Markov   πj = 0, gia k�je j ∈ S.

Pìrisma 1.4. An ìlec oi katast�seic miac alusÐdac Markov eÐnai eÐte parodikèc   mhdenik�
epanaferìmenec, tìte den up�rqei kami� st�simh katanom  gia thn alusÐda aut .

Prìtash 1.7. An up�rqei mia st�simh katanom  π, tìte ìlec oi katast�seic i me π(i) > 0 eÐnai
epanaferìmenec.

Je¸rhma 1.7. K�je adiaq¸risth alusÐda Markov èqei mia monadik  st�simh katanom  an kai mìnon
an ìlec oi katast�seic eÐnai mh mhdenik� (jetik�) epanaferìmenec. Sthn perÐptwsh aut , h (monadik )
st�simh katanom  π dÐnetai wc:

πi = τ−1
i , gia k�je i ∈ S,

ìpou τi eÐnai o mèsoc qrìnoc epanafor�c thc kat�stashc i.

Upologismìc twn lÔsewn thc exÐswshc π = πP thc st�simhc katanom c:

'Otan h alusÐda Markov eÐnai adiaq¸risth kai ìlec oi katast�seic thc eÐnai epanaferìmenec, mporoÔme
na upologÐsoume mia rÐza x thc exÐswshc pin�kwn x = xP wc ex c. Krat¸ntac stajer  mia kat�stash
k, èstw ρi(k) to mèso pl joc episkèyewn thc alusÐdac sthn kat�stash i metaxÔ duo diadoqik¸n
episkèyewn sthn kat�stash k, dhlad , ρi(k) = E[Ni |X0 = k], ìpou

Ni =
∞∑

n=1

I{Xn=i}∩{Tk≥n},

kai èstw Tk o qrìnoc thc pr¸thc epistrof c sthn kat�stash k, ìpwc prin. ParathroÔme ìti Nk = 1,
opìte, ρk(k) = 1, kai epÐshc

ρi(k) =
∞∑

n=1

P (Xn = i, Tk ≥ n |X0 = k).
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Epeid  metaxÔ duo diadoqik¸n episkèyewn sto k, h kat�stash prèpei na brÐsketai k�pou alloÔ,
Tk =

∑
i∈S Ni. Opìte, paÐrnontac th mèsh tim , brÐskoume

τk =
∑
i∈S

ρi(k).

L mma 1.1. Gia k�je epanaferìmenh kat�stash k miac adiaq¸risthc alusÐdac Markov, to di�nusma
ρ(k) = (ρi(k) : i ∈ S) ikanopoieÐ thn exÐswsh ρ(k) = ρ(k)P kai èqei sunist¸sec ρi(k) < ∞, gia k�je
i ∈ S.

'Otan h kat�stash k eÐnai mh mhdenik� (jetik�) epanaferìmenh, τk < ∞, paÐrnontac πi = ρi(k)/τk,
brÐskoume mia st�simh katanom  thc alusÐdac ki, epomènwc, apodeiknÔoume, ètsi, to misì mèroc tou
prohgoÔmenou jewr matoc.

Je¸rhma 1.8. 'Estw mia adiaq¸risth alusÐda Markov, thc opoÐac ìlec oi katast�seic eÐnai
epanaferìmenec. Tìte up�rqei mia jetik  rÐza x thc exÐswshc x = xP (h opoÐa eÐnai monadik  wc
proc pollaplasiasmì me stajer�). Epiplèon, ìlec oi katast�seic thc alusÐdac eÐnai mh mhdenik�
(jetik�) epanaferìmenec an kai mìnon an

∑
i∈S xi < ∞ kai mhdenik� epanaferìmenec an kai mìnon an∑

i∈S xi = ∞.

Je¸rhma 1.9. 'Estw mia adiaq¸risth alusÐda kai s ∈ S mia (opoiad pote) kat�stas  thc. Tìte:

(i) ìlec oi kat�staseic thc alusÐdac eÐnai parodikèc an kai mìnon an up�rqei èna mh mhdenikì
di�nusma {yj : j 6= s}, tètoio ¸ste |yj | ≤ 1, gia k�je j 6= s, to opoÐo ikanopoieÐ tic exis¸seic

yi =
∑
j:j 6=s

Pijyj , gia k�je i 6= s,

(ii) kai ìlec oi kat�staseic thc alusÐdac eÐnai epanaferìmenec an kai mìnon an up�rqei èna mh
mhdenikì di�nusma {yj : j 6= s}, tètoio ¸ste limj→∞ yj = ∞, gia k�je j 6= s,to opoÐo ikanopoieÐ
tic anisìthtec

yi ≥
∑
j:j 6=s

Pijyj , gia k�je i 6= s.

Par�deigma 1.7. TuqaÐoc perÐpatoc stouc mh arnhtikoÔc akèraiouc: T¸ra S = {0, 1, 2, . . .} kai
oi pijanìthtec metab�sewn eÐnai oi ex c:

P0,0 = q, Pi,i+1 = p, ìtan i ≥ 0, Pi,i−1 = q, ìtan i ≥ 1,

gia p, q ∈ (0, 1), p + q = 1. 'Estw ρ = p/q.

(i) 'Otan q < p, paÐrnontac s = 0, blèpoume ìti to di�nusma yj = 1− ρ−j ikanopoieÐ th sunj kh (i)
tou prohgoÔmenou jewr matoc kai, �ra, ìlec oi katast�seic autoÔ tou tuqaÐou perÐpatou eÐnai
parodikèc.

(ii) MporoÔme na lÔsoume thn exÐswsh pin�kwn π = πP , gia na broÔme th st�simh katanom  πj =
ρj(1 − ρ), an kai mìnon an q > p. Epomènwc, apì to amèswc prohgoÔmeno je¸rhma, ìlec oi
katast�seic autoÔ tou tuqaÐou perÐpatou eÐnai mh mhdenik� (jetik�) epanaferìmenc an kai mìnon
an q > p.

(iii) 'Otan q = p = 1
2 , paÐrnontac s = 0, blèpoume ìti to di�nusma yj = j, gia k�je j ≥ 1, ikanopoieÐ

th sunj kh (ii) tou prohgoÔmenou jewr matoc kai, �ra, ìlec oi katast�seic autoÔ tou tuqaÐou
perÐpatou eÐnai mhdenik� epanaferìmenec.
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Je¸rhma 1.10. 'Estw mia adiaq¸risth alusÐda Markov me peperasmèno q¸ro katast�sewn S.
Tìte up�rqei ènac jetikìc akèraioc N tètoioc ¸ste Pij(N) > 0, gia k�je i, j ∈ S, an kai mìnon an
up�rqei to ìrio limn→∞ Pij(n) = πj , gia k�je i, j ∈ S, kai to ìrio autì eÐnai tètoio ¸ste πj > 0, gia
k�je j ∈ S, kai

∑
j∈S πj = 1.

Pìrisma 1.5. K�je adiaq¸risth alusÐda Markov se peperasmèno q¸ro katast�sewn èqei p�nta
mia monadik  st�simh katanom .

Pìrisma 1.6. 'Olec oi katast�seic miac adiaq¸risthc alusÐdac Markov se peperasmèno q¸ro
katast�sewn eÐnai mh mhdenik� (jetik�) epanaferìmenec.

Prìtash 1.8. An mia alusÐda Markov eÐnai adiaq¸risth kai èqei st�simh katanom  πi, tìte

πi = τ−1
i , gia k�je i ∈ S.

Je¸rhma 1.11. 'Estw mia adiaq¸risth alusÐda Markov. Tìte ta parak�tw eÐnai isodÔnama:

(i) Up�rqei mia kat�stash, pou eÐnai mh mhdenik� (jetik�) epanaferìmenh.

(ii) Up�rqei mia st�simh katanom .

(iii) 'Olec oi katast�seic eÐnai mh mhdenik� (jetik�) epanaferìmenec.

Je¸rhma 1.12. An mia alusÐda Markov eÐnai adiaq¸risth kai aperiodik , tìte, gia k�je i, j ∈ S,

lim
n→∞

Pij(n) = τ−1
j

kai, �ra, h (monadik ) st�simh katanom  π thc alusÐdac aut c eÐnai h πj = τ−1
j , gia j ∈ S.

Pìrisma 1.7. K�je ergodik  kai adiaq¸risth alusÐda Markov èqei monadik  st�simh katanom 
πj = limn→∞ Pij(n) = τ−1

j , gia k�je i, j ∈ S.

Genik¸c ìmwc mporeÐ na apodeiqjeÐ ìti:

Je¸rhma 1.13. Mia adiaq¸risth kai aperiodik  alusÐda Markov eÐnai ergodik  an kai mìnon an
èqei mia monadik  st�simh katanom .
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1.7. Ask seic

'Askhsh 1.1. 'Estw h alusÐda Markov me pÐnaka pijanot twn metab�sewn
(

1−p p
q 1−q

)
.

(i) BreÐte ton pÐnaka pijanot twn metab�sewn P (n), qwrÐc na qrhsimopoi sete dun�meic pin�kwn.

(ii) DeÐxte ìti ìlec oi katast�seic eÐnai epanaferìmenec.

(iii) DeÐxte ìti ìlec oi katast�seic eÐnai mh mhdenik� (jetik�) epanaferìmenec.

(iv) UpologÐste th st�simh katanom .

'Askhsh 1.2. 'Estw h alusÐda Markov me pÐnaka pijanot twn metab�sewn

(
0 1

2

1 1
2

)
.

(i) BreÐte touc pÐnakec pijanot twn metab�sewn P (2) kai P (3).

(ii) DeÐxte ìti h alusÐda aut  eÐnai aperiodik .

(iii) EÐnai h alusÐda aut  ergodik ;

'Askhsh 1.3. 'Estw h alusÐda Markov sto {0, 1, 2, . . .} me pÐnaka pijanot twn metab�sewn, pou
dÐnetai apì tic sqèseic P0,j = aj , gia j ≥ 0, Pii = r kai Pi,i−1 = 1 − r, gia i ≥ 1. Taxinom ste ìlec
tic katast�seic thc alusÐdac aut c kai breÐte touc mèsouc qrìnouc epanafor�c touc.

'Askhsh 1.4. Taxinom ste tic katast�seic thc alusÐdac Markov me pÐnaka pijanot twn metab�sewn(
1−2p 2p 0

p 1−2p p
0 2p 1−2p

)
kai upologÐste touc mèsouc qrìnouc epanafor�c twn katast�se¸n thc.

'Askhsh 1.5. Gia k�je mia apì tic parak�tw alusÐdec Markov me touc antÐstoiqouc pÐnakec pijan-
ot twn metab�sewn, (1) breÐte tic kl�seic isodunamÐac twn katast�sewn, (2) tic periìdouc twn peri-
odik¸n katast�sewn, (3) taxinom ste tic katast�seic touc kai (4) upologÐste touc mèsouc qrìnouc
epanafor�c (apeujeÐac, mèsw twn tÔpwn, ìqi mèsw thc st�simhc katanom c) - toul�qiston gia ìsec
katast�seic autì eÐnai eÔkolo:

(i)


0 p 0 1− p

1− p 0 p 0
0 1− p 0 p
p 0 1− p 0

 ,

(ii)

1
2 0 1

2
1
4

1
2

1
4

1
2 0 1

2

 , (iii)

0 0.4 0.6
1 0 0
1 0 0

 , (iv)


0 0 1 0
1 0 0 0
0 1

2
1
2 0

1
3 0 0 2

3

 ,

(v)


0 1 0 0
0 0 1 0
0 1

3 0 2
3

0 0 0 1

 , (vi)


1
3

2
3 0 0

1
2 0 1

2 0
0 0 1 0
0 0 0 1

 , (vii)


0 1

2 0 1
2

0 0 1 0
0 0 0 1
1 0 0 0

 ,
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(viii)


1
2

1
2 0 0 0

1
2

1
2 0 0 0

0 0 1
2

1
2 0

0 0 1
2

1
2 0

1
4

1
4 0 0 1

2

 , (ix)


0 1

2 0 1
2 0

0 0 0 1 0
0 3

4 0 0 1
4

1 0 0 0 0
0 0 3

8
5
8 0

 , (x)


1
2

1
2 0 0 0

0 1
3

2
3 0 0

1
3

1
3

1
3 0 0

0 0 0 1
4

3
4

1
4 0 0 1

2
1
4

 ,

(xi)



0 1 0 0 0 0
0 0 0.5 0 0 0.5
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0

 , (xii)



0 1 0 0 0 0
0 0 1 0 0 0.5
0 0 0 0.5 0.5 0
1 0 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0

 ,

(xiii)



0 0 0 0 0 0 0 1
1
3 0 0 2

3 0 0 0 0
0 0 0 0 1 0 0 0
0 1

2 0 0 0 1
2 0 0

0 0 0 0 1
2

1
2 0 0

0 0 1 0 0 0 0 0
0 0 0 3

4
1
4 0 0 0

1 0 0 0 0 0 0 0


, (xiv)



0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0.5 0 0.5 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

0.3 0.7 0 0 0 0 0 0
0.2 0.4 0 0 0.1 0 0.1 0.2
0 0 0.3 0 0 0.4 0 0.3


.

'Askhsh 1.6. Gia k�je mia apì tic parak�tw alusÐdec Markov me touc antÐstoiqouc pÐnakec pi-
janot twn metab�sewn, (1) breÐte tic kl�seic isodunamÐac twn katast�sewn, (2) taxinom ste tic
katast�seic touc, (3) upologÐste tic st�simec katanomèc touc kai (4) upologÐste touc mèsouc qrìnouc
epanafor�c (apeujeÐac, mèsw twn tÔpwn, ìqi mèsw thc st�simhc katanom c) - toul�qiston gia ìsec
katast�seic autì eÐnai eÔkolo:

(i)

1/3 1/3 1/3
1/4 1/2 1/4
1/6 1/3 1/2

 , (ii)

 0 0.4 0.6
0.5 0 0.5
1 0 0

 ,

(iii)

1 0 0
0 1/3 2/3
1 0 0

 , (iv)

 0 1/4 3/4
1 0 0

1/3 0 2/3

 , (v)

 0 1/3 2/3
2/3 0 1/3
1/3 2/3 0

 ,

(vi)


1/2 0 1/2 0
1 0 0 0

1/3 0 0 2/3
1/4 1/8 0 3/8

, (vii)


1/6 1/6 1/3 1/3
0 0 1/4 3/4
0 0 1 0

3/4 0 1/4 0

 , (viii)


0.2 0.8 0 0
0.5 0.5 0 0
0 0 0 1
0 0 0.5 0.5

 ,

(ix)


1/4 3/4 0 0 0
1/2 1/2 0 0 0
0 0 0 1 0
0 0 1/2 1/2 0

1/5 0 2/5 1/5 1/5

 .
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1.8. LÔseic Epilegmènwn Ask sewn

LÔsh 'Askhshc 1.1:

Q¸roc katast�sewn {0, 1} kai pÐnakac pijanot twn metab�sewn:

�
1− p p

q 1− q

�
,

dhlad :
P (Xn+1 = 1|Xn = 0) = p,

P (Xn+1 = 0|Xn = 1) = q,

P (Xn+1 = 0|Xn = 0) = 1− p,

P (Xn+1 = 1|Xn = 1) = 1− q.

Di�gramma tou antÐstoiqou mh kateujunìmenou gr�fou:

Upologismìc thc P (Xn = 0) (kai thc P (Xn = 1) = 1− P (Xn = 0))

dojeÐshc thc P (X0 = 0) = π0(0):

P (Xn+1 = 0) = P (Xn+1 = 0 kai Xn = 0) + P (Xn+1 = 0 kai Xn = 1) =

= P (Xn = 0)P (Xn+1 = 0|Xn = 0) + P (Xn = 1)P (Xn+1 = 0|Xn = 1) =

= (1− p)P (Xn = 0) + qP (Xn = 1) =

= (1− p)P (Xn = 0) + q(1− P (Xn = 0)) =

= (1− p− q)P (Xn = 0) + q.

Gia n = 0,
P (X1 = 0) = (1− p− q)π0(0) + q,

gia n = 1,
P (X2 = 0) = (1− p− q)2π0(0) + q[1 + (1− p− q)],

k.o.k., opìte paÐrnoume me epagwg :

P (Xn = 0) = (1− p− q)nπ0(0) + q

n−1X
k=0

(1− p− q)k.

PerÐptwsh 0 < p, q < 1: Epeid  tìte |1− p− q| < 1, èqoume mia gewmetrik  seir� ⇒

n−1X
k=0

(1− p− q)k =
1− (1− p− q)n

p + q

⇒
(

P (Xn = 0) = q
p+q

+ (1− p− q)n[π0(0)− q
p+q

]

P (Xn = 1) = p
p+q

+ (1− p− q)n[π0(1)− p
p+q

]
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Upologismìc thc P n

Genik¸c:

P (Xn = j) =
X

i

P (X0 = i καιXn = j) =

=
X

i

P (X0 = i)P (Xn = j|X0 = i) =

=
X

i

π0(i)P n
ij

ìpou π0(i) = P (X0 = i), dhlad :

P (Xn = j) =
X

i

π0(i)P n
ij

⇒
(

P (Xn = 0) = π0(0)P n
00 + π0(1)P n

10

P (Xn = 1) = π0(0)P n
01 + π0(1)P n

11

Gia π0(0) = 1 kai π0(1) = 0 ⇒

P n
00 = P (Xn = 0) =

q

p + q
+ (1− p− q)n p

p + q

Parìmoia:

P n
01 =

p

p + q
− (1− p− q)n p

p + q

P n
10 =

q

p + q
− (1− p− q)n q

p + q

P n
11 =

p

p + q
+ (1− p− q)n q

p + q

Epomènwc:

P n =
1

p + q

�
q p
q p

�
+

(1− p− q)n

p + q

�
p −p
−q q

�

Epanafor� katast�sewn

Ja deÐxoume ìti h kat�stash 0 eÐnai epanaferìmenh (parìmoia kai gia thn kat�stash 1). AfoÔ P00(n) = P n
00 = q

p+q
+ (1− p−

q)n p
p+q

, èqoume limn→∞ P00(n) = q
p+q

> 0 (efìson p, q > 0) kai, �ra,
P∞

n=0 P00(n) = ∞, k�ti pou sunep�getai ìti h kat�stash

0 eÐnai epanaferìmenh.

Mh mhdenik  (jetik ) epanafor� katast�sewn kai mèsoc qrìnoc epanafor�c

P�li ja deÐxoume ìti h kat�stash 0 eÐnai mh mhdenik� (jetik�) epanaferìmenh. Ex orismoÔ, f00(1) = 1 − p kai f00(n) =
P01P n−2

11 P10 = pq(1 − q)n−2, gia k�je n ≥ 2. Epeid  |1 − q| < 1, paÐrnoume ìti o mèsoc qrìnoc epanafor�c tou 0 eÐnai

τ0 =
P∞

n=1 nf00(n) = 1− p +
P∞

n=1 pq(1− q)n−2 = p+q
q

< ∞. Lìgw summetrÐac, τ1 = p+q
p

. 'Ara, kai oi duo katast�seic 0 kai

1 eÐnai mh mhdenik� (jetik�) epanaferìmenec.

Upologismìc thc st�simhc katanom c π = (π0, π1)

PerÐptwsh 0 < p, q < 1:

lim
n→∞

P n =
1

p + q

�
q p
q p

�

⇒
(

π0 = limn→∞ P n
i0 = q

p+q

π1 = limn→∞ P n
i1 = p

p+q

kai h π = (π0, π1) eÐnai h monadik  st�simh katanom .

Diaforetik�: Apì thn π = πP paÐrnoume:

π0 = (1− p)π0 + qπ1

π1 = pπ0 + (1− q)π1

Kai π0 + π1 = 1 ⇒

pπ0 = q − qπ0 ⇒ (p + q)π0 = q ⇒
(

π0 = q
p+q

π1 = p
p+q
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LÔsh 'Askhshc 1.2:

Pr¸ta, ac broÔme ton pÐnaka P (2) = P 2 algebrik�, dhlad , pollaplasi�zontac ton pÐnaka P me ton eautì tou:

P (2) = P 2 =

�
0 1

2
1 1

2

� �
0 1

2
1 1

2

�
=

� 1
2

1
4

1
2

3
4

�
.

Diaforetik�, o P (2) mporeÐ na brejeÐ exet�zontac tic pijanìthtec metab�sewn twn katast�sewn se 2 b mata. 'Etsi, blèpoume
ìti o mìnoc trìpoc gia th met�bash apì to 1 sto 1 se 2 b mata eÐnai na gÐnei pr¸ta h met�bash apì to 1 sto 2 (me pijanìthta 1)
kai sth sunèqeia h met�bash apì to 2 sto 1 (me pijanìthta 1/2). Epomènwc, P11(2) = 1/2. EpÐshc, epeid  gia th met�bash apì
to 1 sto 2 se 2 b mata prèpei pr¸ta na gÐnei h met�bash apì to 1 sto 2 (me pijanìthta 1) kai met� na parameÐnoume sto 2 (me
pijanìthta 1/2), paÐrnoume P12(2) = 1/2. Parìmoia, brÐskoume ta �lla duo stoiqeÐa tou pÐnaka (  qrhsimopoi¸ntac to gegonìc
ìti o pÐnakac autìc eÐnai ènac stoqastikìc pÐnakac, opìte to �jroisma twn gramm¸n tou prèpei na eÐnai Ðso proc 1).

Me ton Ðdio trìpo, brÐskoume

P (3) = P 3 =

� 1
4

3
8

3
4

5
8

�
.

'Etsi, èqoume P11(1) = 0, P11(2) = 1/2 kai P11(3) = 1/4. Sunep¸c, d(1) = 1 (molonìti P11(1) = 0). All�, afoÔ
P22(1) = 1/2 > 0, èpetai ìti kai d(2) = 1. Epomènwc, h alusÐda eÐnai aperiodik .

Epeid  (sÔmfwna me thn 'Askhsh 1.1) ìlec oi katast�seic thc alusÐdac aut c eÐnai mh mhdenik� (jetik�) epanaferìmenec, h
alusÐda aut  eÐnai ergodik .

LÔsh 'Askhshc 1.3:

'Otan r = 1, h kat�stash i eÐnai aporrofhtik , gia k�je i ≥ 1, kai h 0 eÐnai parodik , ektìc an a0 = 1.

Ac upojèsoume ìti r < 1 kai èstw J = sup{j : aj ≥ 0}. Tìte, oi katast�seic 0, 1, . . . , J sqhmatÐzoun mia adiaq¸risth
epanaferìmenh kl�sh kai eÐnai ìlec aperiodikèc, an r > 0, en¸ ìlec oi upìloipec katast�seic eÐnai parodikèc. Gia 0 ≤ i ≤ J , o
qrìnoc epanafor�c thc i, pou dÐnetai wc Ti = min{n ≥ 1: Xn = i}, eÐnai tètoioc ¸ste P (Ti = 1) = r. 'Otan Ti > 1, to Ti mporeÐ
na ekfrasjeÐ wc to �jroisma twn ex c ìrwn:

T
(1)
i = o qrìnoc gia na fj�sei h alusÐda sto 0, ìtan to pr¸to b ma gÐnetai proc ta arister�,

T
(2)
i = o qrìnoc twn metab�sewn, pou xekinoÔn apì to 0, all� den fj�noun sto i,

T
(3)
i = o qrìnoc twn metab�sewn, pou telik� fj�noun sto i.

Den eÐnai dÔskolo na doÔme ìti E[T
(1)
i ] = 1+(i−1)/(1− r), ìtan i ≥ 1, diìti h mèsh tim  tou qrìnou anamon c se k�je endi�meso

shmeÐo eÐnai (1 − r)−1. To pl joc N tètoiwn ‘mikr¸n’ episkèyewn katanèmetai me pijanìthta P (N = n) = αi(1 − αi)
n, n ≥ 0,

ìpou αi =
P∞

j=i αj . Epomènwc, E[N ] = (1− αi)/αi. K�je tètoia ‘mikr ’ epÐskeyh èqei mèsh di�rkeia:

i−1X
j=0

�
j

1− r
+ 1

�
αj

1− αi
= 1 +

i−1X
j=0

jαj

(1− αi)(1− r)

kai, epomènwc,

E[T
(2)
i ] =

1

αi

�
(1− αi) +

i−1X
j=0

jαj

1− r

�
.

Parìmoia, paÐrnoume:

E[T
(3)
i ] =

1

αi

∞X
j=1

�
1 +

j − i

1− r

�
αj .

Sundu�zontac ta parap�nw, brÐskoume:

E[Ti] = r + (1− r)E[T
(1)
i + T

(2)
i + T

(3)
i ] =

1

αi

�
1− r +

∞X
j=0

jαj

�
, i ≥ 1,

kai, me ènan parìmoio trìpo, E[T0] = 1 +
P∞

j=0 jαj/(1− r). Profan¸c, E[Ti] < ∞, gia i ≤ J , efìson
P∞

j=0 jαj < ∞, k�ti pou
sÐgoura isqÔei, an J < ∞.

LÔsh 'Askhshc 1.4:

'Olec oi katast�seic eÐnai aporrofhtikèc, ìtan p = 0. Gia autì, ac upojèsoume ìti p 6= 0. Profan¸c, kai oi treic katast�seic
thc alusÐdac aut c eÐnai ergodikèc (giatÐ h alusÐda eÐnai adiaq¸risth se peperasmèno q¸ro katast�sewn).

Gia na broÔme touc mèsouc qrìnouc epanafor�c twn katast�sewn, proqwr�me wc ex c. Diagwnikopoi¸ntac ton pÐnaka P , paÐrnoume
P = BQB−1, ìpou
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B =

2
41 1 1

1 0 −1
1 −1 1

3
5 , B−1 =

2
41/4 1/2 1/4

1/2 0 −1/2
1/4 −1/2 1/4

3
5 , Q =

2
41 0 0

0 1− 2p 0
0 0 1− 4p

3
5 .

Epomènwc,

P n = BQnB−1 = B

2
41 0 0

0 (1− 2p)n 0
0 0 (1− 4p)n

3
5B−1,

apì ìpou oi pijanìthtec metab�sewn Pij(n) mporoÔn eÔkola na brejoÔn:

P11(n) =
1

4
+

1

2
(1− 2p)n +

1

4
(1− 4p)n, P22(n) =

1

2
+

1

2
(1− 4p)n,

kai P33(n) = P11(n), lìgw summetrÐac.

'Etsi, apì ton orismì tou Pij(s) (=
P∞

n=0 snPij(n)), brÐskoume

P11(s) = P33(s) =
1

4(1− s)
+

1

2{1− s(1− 2p)}
+

1

4{1− s(1− 4p)}
, P22(s) =

1

2(1− s)
+

1

2{1− s(1− 4p)}
.

Opìte, qrhsimopoi¸ntac th sqèsh Fii(s) = 1 − Pii(s)
−1, met� apì k�poiouc aploÔc upologismoÔc, mporoÔme na broÔme touc

mèsouc qrìnouc epanafor�c τi = F
′
ii(1) : τ1 = τ3 = 4, τ2 = 2.

LÔsh 'Askhshc 1.5:

(i) K�je kat�stash thc alusÐdac eÐnai periodik  periìdou 2 (ìtan p 6= 0) kai ìlec oi katast�seic eÐnai mh mhdenik� (jetik�)
epanaferìmenec.

(v) Kl�seic isodunamÐac: {2, 3}, {1}, {4}. Oi 1, 2, 3 eÐnai parodikèc kai h 4 eÐnai ergodik . St�simh katanom :
π1 = π2 = π3 = 0, π4 = 1. Akìmh: f44(1) = 1, f44(n) = 0, n ≥ 2.

(vi) Kl�seic isodunamÐac: {1, 2}, {3}, {4}. Oi 1, 2 eÐnai parodikèc kai oi 3, 4 eÐnai ergodikèc. St�simh katanom :
π1 = π2 = 0, π3 = 1− k, π4 = k, 0 ≤ k ≤ 1. Akìmh: f33(1) = 1, f33(n) = 0, n ≥ 2, f44(1) = 1, f44(n) = 0, n ≥ 2.

(ix) Kl�seic isodunamÐac: {1, 2, 4}, {3, 5}. Oi 3, 5 eÐnai parodikèc kai oi 1, 2, 4 eÐnai ergodikèc. St�simh katanom :
π1 = 2/5, π2 = 1/5, π4 = 2/5, π3 = π5 = 0.

LÔsh 'Askhshc 1.6:

(i) Q¸roc katast�sewn {0, 1, 2} me pÐnaka pijanot twn metab�sewn:

P =

2
41/3 1/3 1/3

1/4 1/2 1/4
1/6 1/3 1/2

3
5
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Upologismìc st�simhc katanom c π = (π0, π1, π2)T , π = πP :

8><
>:

π0 = π0P00 + π1P10 + π2P20

π1 = π0P01 + π1P11 + π2P21

π2 = π0P02 + π1P12 + π2P22

1

3
π0 +

1

4
π1 +

1

6
π2 = π0 (1)

1

3
π0 +

1

2
π1 +

1

3
π2 = π1 (2)

1

3
π0 +

1

4
π1 +

1

2
π2 = π2 (3)

π0 + π1 + π2 = 1 (4)

(2)− 2(1) ⇒ π1 = 5
3
π0

(1) ⇒ π2 = 3
2
π0

(4) ⇒ π0(1 + 5
3

+ 3
2
) = 1 ⇒ π0 = 6

25

π1 = 5
3

6
25

= 2
5

π2 = 3
2

6
25

= 9
25
.

(iv) Kl�seic isodunamÐac: {1, 2, 3}. Oi 1, 2, 3 eÐnai ergodikèc. St�simh katanom : π1 = 2/7, π2 = 1/14, π3 = 9/14. Akìmh:
f11(1) = 0, f11(2) = 1

2
, f11(2k) = 3

4
( 2
3
)2(k−1) 1

3
, k ≥ 2, f11(2k + 1) = 3

4
( 2
3
)2k−1 1

3
, k ≥ 1, f22(1) = 0, f22(2) = 1

4
, f22(3) =

0, f22(n) = 1
16

( 2
3
)n−4, n ≥ 4, f33(1) = 2

3
, f33(2) = 1

4
, f33(2k + 1) = 0, k ≥ 1, f33(2k) = 1

3
( 1
4
)k−1 3

4
, k ≥ 2.
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2. AlusÐdec Markov SuneqoÔc Qrìnou

2.1. Hmi-Om�dec Metab�sewn kai Genn torec

ArqÐzoume upenjumÐzontac ton orismì thc alusÐdac Markov suneqoÔc qrìnou ston arijm simo q¸ro
katast�sewn S = {1, 2, . . .}, ìpou ennooÔme ìti S = {1, 2, . . . , |S|} kai |S| < ∞, ìtan to S eÐnai
peperasmèno, kai |S| = ∞, ìtan to S eÐnai arijm simo apeirosÔnolo.

Orismìc 2.19. Mia stoqastik  diadikasÐa suneqoÔc qrìnou {X(t)}t≥ 0 ston arijm simo q¸ro
katast�sewn S lègetai ìti eÐnai mia alusÐda Markov suneqoÔc qrìnou, an, gia k�je akoloujÐa qrìnwn
0 ≤ t0 < t1 < . . . < tn kai gia k�je i, i0, i1, . . . , in−1, j ∈ S, isqÔei h parak�tw idiìthta Markov:

P (Xtn = j |Xtn−1 = i,Xtn−2 = in−1, . . . , Xt0 = i0) = P (Xtn = j |Xtn−1 = i).

Sth sunèqeia, ja paraleÐpoume na anafèroume to qarakthrismì “suneqoÔc qrìnou” apì tic alusÐdec
Markov, giatÐ mìno tètoiec alusÐdec ja mac apasqol soun apì ed¸ kai pèra. Epiplèon, p�nta ja
jewroÔme ìti o q¸roc katast�sewn thc alusÐdac eÐnai to arijm simo sÔnolo S = {1, 2, . . .}.

Orismìc 2.20. DojeÐshc thc alusÐdac Markov {X(t)}t≥ 0, o pÐnakac P (s, t) me stoiqeÐa

Pij(s, t) = P (X(t) = j |X(s) = i), gia k�je i, j ∈ S kai k�je 0 ≤ s ≤ t,

onom�zetai pÐnakac pijanot twn metab�sewn kai ta stoiqeÐa tou onom�zontai pijanìthtec metab�sewn
metaxÔ twn katast�sewn thc alusÐdac. Profan¸c, ìtan o q¸roc katast�sewn S eÐnai peperasmènoc,
ac poÔme |S| = k, tìte o pÐnakac P eÐnai t�xhc k × k, en¸ diaforetik�, gia S arijm sima �peiro, h
t�xh tou pÐnaka P eÐnai �peirh.

H alusÐda Markov {X(t)}t≥ 0 onom�zetai omoiogen c, an, gia k�je i, j ∈ S kai k�je 0 ≤ s ≤ t,

Pij(s, t) = Pij(0, t− s).

Gr�foume:

Pij(t− s) = Pij(s, t)

dhlad , gr�foume gia ton pÐnaka pijanot twn metab�sewn

P (t) = P (0, t), gia k�je t ≥ 0.

Sth sunèqeia, ìtan ja anaferìmaste se mia alusÐda Markov, ja ennooÔme p�nta ìti prìkeitai gia mia
omoiogen  alusÐda.

Je¸rhma 2.14. H monoparametrik  oikogèneia pin�kwn pijanot twn metab�sewn P (t) = {Pij(t):
i, j ∈ S, t ≥ 0} apoteleÐ mia hmi-om�da stoqastik¸n pin�kwn me thn ènnoia ìti:

(i) P (0) = I, o tautotikìc pÐnakac,

(ii) gia k�je t ≥ 0, pÐnakac P (t) eÐnai stoqastikìc, dhlad , ta stoiqeÐa tou eÐnai mh arnhtik� kai ta
ajroÐsmata twn seir¸n tou eÐnai 1, kai

(iii) isqÔoun oi exis¸seic Chapman-Kolmogorov:

P (s + t) = P (s)P (t), gia k�je s, t ≥ 0.

'Etsi, h oikogèneia P (t) = {Pij(t): i, j ∈ S, t ≥ 0} onom�zetai hmi-om�da metab�sewn.
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Orismìc 2.21. Lème ìti h hmi-om�da metab�sewn P (t) = {Pij(t): i, j ∈ S, t ≥ 0} eÐnai suneq c
sthn arq , an

lim
h↓0

P (h) = P (0) = I,

ìpou h sÔgklish aut  isqÔei gia k�je stoiqeÐo twn pin�kwn twn pijanot twn metab�sewn, dhlad ,

lim
h↓0

Pij(h) = 0, gia k�je i, j ∈ S, i 6= j,

lim
h↓0

Pii(h) = 1, gia k�je i ∈ S.

Prìtash 2.9. An h hmi-om�da metab�sewn P (t) = {Pij(t): i, j ∈ S, t ≥ 0} eÐnai suneq c sthn
arq , tìte h hmi-om�da eÐnai suneq c se k�je qrìno t ≥ 0, dhlad ,

lim
h→0

P (t + h) = P (t), gia k�je t ≥ 0,

ìpou p�li h sÔgklish sto parap�nw ìrio isqÔei gia k�je stoiqeÐo twn pin�kwn twn pijanot twn
metab�sewn.

Orismìc 2.22. DojeÐshc thc hmi-om�dac metab�sewn P (t) = {Pij(t) : i, j ∈ S, t ≥ 0}, èstw o
pÐnakac (genik¸c |S| × |S|) G = {Gij : i, j ∈ S}, pou orÐzetai wc ex c:

(i) Gij = limh↓0
Pij(h)

h , gia k�je i, j ∈ S, i 6= j,

(ii) Gii = limh↓0
Pii(h)−1

h , gia k�je i ∈ S,

dhlad ,

G = lim
t↓0

P (t)− I

t
.

Tìte o pÐnakac G onom�zetai (apeirostìc) genn torac thc hmi-om�dac P (t).

Je¸rhma 2.15. An h hmi-om�da metab�sewn P (t) = {Pij(t): i, j ∈ S, t ≥ 0} eÐnai suneq c sthn
arq  (opìte kai gia k�je qrìno), tìte up�rqei o genn tor�c thc G = {Gij : i, j ∈ S} kai eÐnai tètoioc
¸ste, gia k�je i, j ∈ S, i 6= j,

• 0 ≤ Gij < ∞,

• 0 ≥ Gii ≥ −∞, ektìc an S peperasmèno, opìte 0 ≥ Gii > −∞.

Orismìc 2.23. 'Estw mia alusÐda Markov, thc opoÐac h hmi-om�da metab�sewn èqei genn tora G.
H alusÐda aut  lègetai sunthrhtik  (conservative), an

∑
j∈S Gij = 0, dhlad , an

G1 = 0,

ìpou me 1 sumbolÐzoume to di�nusma, tou opoÐou ìlec oi sunist¸sec eÐnai 1.

Parat rhsh 2.3. Genik¸c, èqoume
∑

j∈S Gij ≤ 0, ektìc an S peperasmèno, opìte h alusÐda eÐnai
sunthrhtik  (dhlad ,

∑
j∈S Gij = 0   G1 = 0).

Orismìc 2.24. Lème ìti h hmi-om�da metab�sewn P (t) = {Pij(t): i, j ∈ S, t ≥ 0} eÐnai omoiìmorfa
suneq c sthn arq , an

lim
h↓0

Pii(h) = 1, omoiìmorfa gia k�je i ∈ S.
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Profan¸c, an isqÔei o prohgoÔmenoc orismìc, tìte limh↓0 Pij(h) = 0, omoiìmorfa gia i, j ∈ S, i 6= j
(epeid  Pij(t) ≤ 1 − Pii(t), gia k�je t ≥ 0). Epiplèon, an h hmi-om�da metab�sewn eÐnai omoiìmorfa
suneq c sthn arq , tìte eÐnai kai suneq c sthn arq , en¸, genik¸c, to antÐstrofo isqÔei sthn
perÐptwsh pou o q¸roc katast�sewn eÐnai peperasmènoc.

Je¸rhma 2.16. (Oi Exis¸seic tou Kolmogorov.) An {P (t) : t ≥ 0} eÐnai mia omoiìmor-
fa suneq c hmi-om�da metab�sewn me genn tora G, tìte h P (t) eÐnai h monadik  lÔsh twn ex c
diaforik¸n exis¸sewn pin�kwn:

(i) thc proc ta emprìc exÐswshc tou Kolmogorov:

d

dt
P (t) = P (t)G, t > 0,

dhlad , san sÔsthma exis¸sewn (paraleÐpontac to ìrisma tou qrìnou),

d

dt
Pij(t) = Pij(t)Gjj +

∑
k∈S, k 6=j

Pik(t)Gkj , gia k�je i, j ∈ S kai k�je t > 0,

(ii) thc proc ta pÐsw exÐswshc tou Kolmogorov:

d

dt
P (t) = GP (t), t > 0,

dhlad , san sÔsthma exis¸sewn,

d

dt
Pij(t) = GiiPij(t) +

∑
k∈S, k 6=i

GikPkj(t), gia k�je i, j ∈ S kai k�je t > 0.

me thn arqik  sunj kh P (0) = I. Epiplèon, isqÔoun:

P (t) = etG, gia t ≥ 0, kai G1 = 0.

Ac parathr soume ìti, eidikìtera ìtan S peperasmèno, o ekjetikìc pÐnakac P = etG dÐnetai wc to
ex c an�ptugma dun�mewn tou pÐnaka G:

P (t) = etG =
∞∑

n=0

tn

n!
Gn, t ≥ 0.

To epìmeno apotèlesma dÐnei to qarakthrismì twn pin�kwn, pou mporoÔn na eÐnai genn torec omoiì-
morfa suneq¸n hmio-om�dwn.

Je¸rhma 2.17. 'Enac pÐnakac A = {Aij : i, j ∈ S}, tètoioc ¸ste supi∈S

∑
j∈S |Aij |, eÐnai o genn -

torac miac omoiìmorfa suneqoÔc hmi-om�dac metab�sewn P (t) an kai mìnon an

Aij ≥ 0, gia k�je i, j ∈ S, i 6= j, kai
∑
j∈S

Aij = 0, gia ìla ta i ∈ S.

Orismìc 2.25. DojeÐshc thc alusÐdac Markov {X(t)}t≥ 0 kai thc kat�stashc i ∈ S, ìtan X(s) = i
(se k�poio qrìno s ≥ 0), orÐzoume to qrìno st�shc (holding time) thc alusÐdac sthn kat�stash i
wc:

Ui = inf{t ≥ 0: X(s + t) 6= i}.
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Prìtash 2.10. 'Estw h hmi-om�da metab�sewn P (t), pou eÐnai suneq c sthn arq  kai èqei genn -
tora G. Tìte isqÔoun ta ex c:

• H P (t) eÐnai omoiìmorfa suneq c sthn arq  an kai mìnon an supi∈S Gii < ∞.

• H tuqaÐa metablht  Ui tou qrìnou st�shc sthn kat�stash i katanèmetai ekjetik� me par�metro
−Gii, gia k�je i ∈ S.

• Epiplèon, h pijanìthta h alusÐda na metaphd sei sthn kat�stash j, èqontac xekin sei apì thn
kat�stash i, eÐnai −Gij/Gii, gia k�je i, j ∈ S.

Orismìc 2.26. DojeÐshc thc hmi-om�dac metab�sewn P (t), pou eÐnai suneq c sthn arq  kai èqei
genn tora G, mia kat�stash i ∈ S onom�zetai:

• stigmiaÐa, an Gii = −∞,

• eustaj c, an 0 > Gii > −∞,

• aporrofhtik  (absorbing), Gii = 0.

Je¸rhma 2.18. 'Estw mia alusÐda Markov me suneq  sthn arq  hmi-om�da metab�sewn P (t) kai
antÐstoiqo genn tora G. An h alusÐda eÐnai sunthrhtik  (G1 = 0) kai ìlec oi katast�seic eÐnai
eustajeÐc (0 > Gii > −∞, gia k�je i ∈ S), tìte isqÔei h proc ta pÐsw exÐswsh tou Kolmogorov
( d

dtP (t) = GP (t)). An, epiplèon,
∑

k∈S GkkPik(t) > −∞, gia k�je i ∈ S kai t ≥ 0, tìte isqÔei kai h
proc ta emprìc exÐswsh tou Kolmogorov ( d

dtP (t) = P (t)G).

Prìtash 2.11. 'Estw h alusÐda Markov X(t) me di�nusma katanom c µ(t) = {µ(t)
i = P (X(t) = i) :

i ∈ S}, gia t ≥ 0, me suneq  sthn arq  hmi-om�da metab�sewn P (t) kai antÐstoiqo genn tora G. An
h alusÐda eÐnai sunthrhtik  (G1 = 0), ìlec oi katast�seic eÐnai eustajeÐc (0 > Gii > −∞, gia k�je

i ∈ S), kai
∑

i∈S Giiµ
(t)
i > −∞, gia k�je t ≥ 0, tìte isqÔei h ex c olik  exÐswsh tou Kolmogorov:

d

dt
µ

(t)
i = Giiµ

(t)
i +

∑
k∈S, k 6=i

Gkiµ
(t)
k , t > 0.

2.2. Taxinìmhsh Katast�sewn

Je¸rhma 2.19. 'Estw h hmi-om�da metab�sewn P (t), pou eÐnai suneq c sthn arq  kai èqei gen-
n tora G. Tìte isqÔoun ta ex c:

(i) Gia k�je i ∈ S, Pii(t) > 0, gia k�je t ≥ 0.

(ii) DiqotomÐa tou Levy: gia k�je i ∈ S, i 6= j, eÐte Pij(t) = 0, gia k�je t > 0,   Pij(t) > 0, gia k�je
t > 0.

Orismìc 2.27. Mia hmi-om�da metab�sewn P (t), pou eÐnai suneq c sthn arq  kai èqei genn tora
G, onom�zetai adiaq¸risth (  mh diaqwrÐsimh   mh anag ģimh) (irreducible), an, gia k�je i, j ∈ S,
Pij(t) > 0, gia k�poio kai, �ra, kai gia k�je t > 0.

Orismìc 2.28. DojeÐshc miac alusÐdac Markov X = {X(t)}t≥0 ston (arijm simo) q¸ro
katast�sewn S, mia kat�stash i ∈ S onom�zetai epanaferìmenh (  epanalambanìmenh) (recurrent)
gia thn X, ìtan

P (to sÔnolo {t ≥ 0: X(t) = i} na eÐnai mh fragmèno |X(0) = i) = 1,

kai h i onom�zetai parodik  (transient) gia thn X, ìtan

P (to sÔnolo {t ≥ 0: X(t) = i} na eÐnai mh fragmèno |X(0) = i) = 0.
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Orismìc 2.29. 'Estw mia alusÐda Markov X = {X(t)}t≥0 ston S. SumbolÐzoume me Tn to qrìno
thc n-ost c allag c katast�sewn thc alusÐdac X, ìpou upojètoume ìti T0 = 0. 'Estw h stoqastik 
diadikasÐa diakritoÔ qrìnou, pou orÐzetai apì th sqèsh

Zn = X(Tn+),

dhlad , h stoqastik  diadikasÐa twn tim¸n pou paÐrnei h alusÐda X amèswc met� tic allagèc twn
katast�se¸n thc. Tìte h Zn apoteleÐ mia alusÐda Markov diakritoÔ qrìnou, h opoÐa onom�zetai
alusÐda metapt¸sewn (jump chain) thc X.

Prìtash 2.12. H alusÐda metapt¸sewn eÐnai sunthrhtik  (G1 = 0) kai ìlec oi katast�seic thc
eÐnai eustajeÐc (0 > Gii > −∞, gia k�je i ∈ S).

Parat rhsh 2.4. SÔmfwna me ta prohgoÔmena, h Zn èqei pÐnaka pijanot twn metab�sewn Hij =
−Gij/Gii, ìtan Gii < 0. Fusik�, ìtan Gii = 0, h alusÐda Zn paramènei sthn kat�stash i, efìson
p�ei ekeÐ k�pote. Epiplèon, an Zn = j, o qrìnoc st�shc Tn+1− Tn akoloujeÐ thn ekjetik  katanom 
me par�metro −Gjj .

Orismìc 2.30. 'Estw Tn o qrìnoc thc n-ost c allag c katast�sewn thc alusÐdac Markov X
(T0 = 0). Tìte orÐzoume mia alusÐda Markov (suneqoÔc qrìnou) apì tic sqèseic:

X(t) =
{

Zn, an Tn ≤ t < Tn+1,
∞, diaforetik�.

An T∞ = limn→∞ Tn < ∞, to T∞ onom�zetai qrìnoc èkrhxhc thc alusÐdac X kai lème ìti h alusÐda
aut  ekr gneitai, an P (T∞ < ∞) > 0.

Je¸rhma 2.20. H alusÐda X, pou kataskeu�sjhke pio p�nw, den mporeÐ na ekrageÐ, an ikanopoieÐtai
mia apì tic parak�tw treic sunj kec:

(i) S peperasmèno.

(ii) supi∈S Gii > −∞.

(iii) X(0) = i, ìpou i eÐnai mia epanaferìmenh kat�stash gia thn alusÐda metapt¸sewn Z.

Je¸rhma 2.21. 'Estw p�li h alusÐda X, pou kataskeu�sjhke pio p�nw.

(i) An Gii = 0, tìte h kat�stash i eÐnai mia epanaferìmenh kat�stash gia thn parap�nw alusÐda
suneqoÔc qrìnou X.

(ii) 'Otan Gii = 0, h kat�stash i eÐnai epanaferìmenh gia thn alusÐda suneqoÔc qrìnou X an kai
mìnon an eÐnai epanaferìmenh gia thn alusÐda metapt¸sewn Z. Epiplèon, h i eÐnai epanafe-
rìmenh, an oi pijanìthtec metab�sewn Pii(t) = P (X(t) = i |X(0) = i) ikanopoioÔn th sunj kh∫∞
0 Pii(t) dt = ∞, kai eÐnai parodik , diaforetik�.

2.3. St�simec Katanomèc

Orismìc 2.31. 'Ena di�nusma seir�c π = (πj : j ∈ S) lègetai ìti apoteleÐ mia st�simh katanom 
thc alusÐdac Markov {X(t)}t≥ 0, h opoÐa èqei hmi-om�da metab�sewn P (t), an to π ikanopoieÐ tic ex c
sqèseic:

(i) πj ≥ 0, gia k�je j ∈ S, kai
∑

j∈S πj = 1, kai

(ii) πP (t) = π, gia k�je t ≥ 0, me thn ènnoia ìti
∑

i∈S πiPij(t) = πj , gia k�je j ∈ S kai k�je t ≥ 0.
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Parat rhsh 2.5. ParathroÔme ìti h pr¸th apì tic duo sunj kec tou prohgoÔmenou orismoÔ lèei

ìti to π eÐnai èna di�nusma (mètrou) pijanìthtac. Epiplèon, èstw µ(t) = {µ(t)
i = P (X(t) = i) : i ∈ S},

gia t ≥ 0, to di�nusma pijanìthtac thc katanom c thc tuqaÐac metablht c (suneqoÔc qrìnou) X(t).
Epeid  apì tic exis¸seic Chapamn-Kolmogorov paÐrnoume µ(t) = µ(0)P (t), h deÔterh apì tic parap�nw
sqèseic sunep�getai ìti, an µ(0) = π, tìte µ(t) = πP (t) = π, gia k�je t > 0, dhlad , to di�nusma π
apoteleÐ èna analloÐwto mètro (pijanìthtac) gia thn alusÐda Markov.

Prìtash 2.13. 'Estw mia alusÐda Markov me suneq  sthn arq  hmi-om�da metab�sewn P (t) kai
antÐstoiqo genn tora G. An h alusÐda eÐnai sunthrhtik  (G1 = 0), ìlec oi katast�seic eÐnai eustajeÐc
(0 > Gii > −∞, gia k�je i ∈ S), kai up�rqei h st�simh katanom  π (πP (t) = π, gia k�je t ≥ 0)
tètoia ¸ste

∑
j∈S Gjjπj > −∞, tìte isqÔei h ex c olik  exÐswsh isozugÐou:

πG = 0,

dhlad , to sÔsthma:

Gjjπj =
∑

i∈S, i 6=j

Gijπi, gia k�je j ∈ S kai k�je t > 0.

Prìtash 2.14. 'Estw h alusÐda Markov {X(t)}t≥ 0 se èna peperasmèno q¸ro katast�sewn S, me
hmi-om�da metab�sewn P (t), pou eÐnai suneq c sthn arq  kai èqei genn tora G. Tìte up�rqei mia
st�simh katanom  π (πP (t) = π, gia k�je t ≥ 0) an kai mìnon an isqÔei h ex c olik  exÐswsh
isozugÐou:

πG = 0.

Je¸rhma 2.22. 'Estw h adiaq¸risth alusÐda Markov {X(t)}t≥ 0, h opoÐa èqei hmi-om�da
metab�sewn P (t).

(i) An up�rqei mia st�simh katanom  π, tìte aut  eÐnai monadik  kai

lim
t→∞

Pij(t) = πj gia k�je i, j ∈ S.

(ii) An den up�rqei st�simh katanom , tìte

lim
t→∞

Pij(t) = 0 gia k�je i, j ∈ S.

Par�deigma 2.8. 'Estw h alusÐda Markov X sto q¸ro katast�sewn S = {1, 2}. Ac upojèsoume
ìti mac dÐnetai o genn torac G tou pÐnaka metab�sewn P (t) thc alusÐdac aut c:

G =
(
−α α
β −β

)
.

ZhtoÔme na broÔme pÐnaka metab�sewn P (t) kai th st�simh katanom  π thc alusÐdac aut c.

Diagwnikopoi¸ntac ton G, brÐskoume G = BAB−1, ìpou

B =
(

α 1
−β 1

)
, A =

(
−(α + β) 0

0 0

)
.

Epomènwc,
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P (t) =
∑∞

n=0
tn

n!G
n = B

( ∑∞
n=0

tn

n!A
n
)
B−1

= B

(
h(t) 0

0 1

)
B−1

= 1
α+β

(
αh(t) + β α[1− h(t)]
β[1− h(t)] α + βh(t)

)
,

ìpou h(t) = e−t(α+β). 'Etsi, brÐskoume to ìrio

lim
t→∞

P (t) =
(

1− ρ ρ
1− ρ ρ

)
, ìpou ρ =

α

α + β
,

kai, �ra,

lim
t→∞

P (X(t) = i) =
{

1− ρ, an i = 1,
ρ, an i = 2,

anex�rthta apì thn arqik  katanom  tou X(0). Me �lla lìgia, π = (1−ρ, ρ) eÐnai h st�simh katanom 
aut c thc alusÐdac. Bèbaia, h katanom  aut  ja mporoÔse na eÐqe brejeÐ kai apì th sqèsh πG = 0.

2.4. DiadikasÐa Poisson

Genik¸c, mia diadikasÐa Poisson eÐnai mia stoqastik  diadikasÐa suneqoÔc qrìnou, ìpou oi
parathroÔmenec metablhtèc eÐnai oi tuqaÐoi qrìnoi, stouc opoÐouc mia akoloujÐa gegonìtwn mporeÐ na
sumbeÐ. Eidikìtera, ta gegonìta aut� jewroÔntai ìti eÐnai diaforetikoÐ tÔpoi afÐxewn, p.q., pelat¸n
se mia our�, pakètwn dedomènwn se ènan kìmbo enìc diktÔou upologist¸n, swmatidÐwn se èna metrht 
Geiger k.o.k. Pio sugkekrimèna, o pl rhc orismìc thc diadikasÐac Poisson eÐnai wc ex c:

Orismìc 2.32. Mia diadikasÐa Poisson me èntash λ (merikèc forèc sumbolizìmenh wc PP (λ))
eÐnai mia stoqastik  diadikasÐa suneqoÔc qrìnou N = {N(t) : t ≥ 0}, h opoÐa paÐrnei timèc sto
S = {0, 1, 2, . . .} kai eÐnai tètoia ¸ste:

(i) N(0) = 0 kai, an s < t, tìte N(s) ≤ N(t),

(ii) P (N(t + h) = n + m |N(t) = n) =


λh + o(h), an m = 1,
o(h), an m > 1,
1− λh + o(h), an m = 0,

ìpou g(h) = o(h) shmaÐnei ìti g(h)
h → 0, kaj¸c h ↓ 0,

(iii) ermhneÔontac tic tuqaÐec metablhtèc N san qrìnouc afÐxewn, o arijmìc twn afÐxewn N(t)−N(s)
sto qronikì di�sthma (s, t] eÐnai anex�rthtoc apì tic afÐxeic N(τ), gia τ ∈ (0, s].

Prìtash 2.15. H diadikasÐa Poisson me èntash λ akoloujeÐ thn katanom  Poisson me par�metro
λt, dhlad ,

P (N(t) = j) =
(λt)j

j!
e−λt, j = 0, 1, 2, . . . .

Prìtash 2.16. H diadikasÐa Poisson me èntash λ eÐnai mia alusÐda Markov (suneqoÔc qrìnou)
N = {N(t) : t ≥ 0}, h opoÐa paÐrnei timèc sto S = {0, 1, 2, . . .}.

Me èna diaforetikì trìpo, mia diadikasÐa Poisson perigr�fetai wc ex c: 'Estw mia akoloujÐa qrìnwn
T0, T1, . . . , pou orÐzetai apì tic sqèseic:

T0 = 0, Tn = inf{t ≥ 0: N(t) = n},
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dhlad , o qrìnoc Tn jewreÐtai ìti eÐnai o qrìnoc thc n-ost c �fixhc. Tìte mporoÔn na orisjoÔn
ta qronik� diast mata metaxÔ afÐxewn san oi tuqaÐec metablhtèc X1, X2, . . . , pou dÐnontai apì tic
sqèseic:

Xn = Tn − Tn−1, n = 1, 2, . . . .

An gnwrÐzoume tic tuqaÐec metablhtèc N , mporoÔme na broÔme tic tuqaÐec metablhtèc X1, X2, . . . .
All� kai antistrìfwc, apì ta Xi mporÔme na anakataskeu�soume ta N wc ex c:

Tn =
n∑

i=1

Xi, N(t) = max{n = 1, 2, . . . : Tn ≤ t}.

Prìtash 2.17. Oi tuqaÐec metablhtèc X1, X2, . . . eÐnai anex�rthtec kai k�je mia apì autèc akolou-
jeÐ thn ekjetik  katanom  me par�metro λ an kai mìnon an h N eÐnai mia diadikasÐa Poisson me èntash
λ.

2.5. DiadikasÐec Gènnhshc kai Jan�tou

Orismìc 2.33. Mia diadikasÐa gènnhshc kai jan�tou eÐnai mia alusÐda Markov (suneqoÔc qrìnou)
X = {X(t) : t ≥ 0}, h opoÐa paÐrnei timèc sto S = {0, 1, 2, . . .} kai eÐnai tètoia ¸ste:

(i) P (X(t + h) = n + m |X(t) = n) =


λnh + o(h), an m = 1,
µnh + o(h), an m = −1,
o(h), an |m| > 1,
1− (λn + µn)h + o(h), an m = 0,

(ii) oi rujmoÐ genn sewn λ0, λ1, . . . kai oi rujmoÐ jan�twn µ0, µ1, . . . eÐnai λi ≥ 0, µi ≥ 0, µ0 = 0.

Prìtash 2.18. O genn torac thc diadikasÐac gènnhshc kai jan�tou G = {Gij : i, j ≥ 0} eÐnai

G =


−λ0 λ0 0 0 . . .
µ1 −(λ1 + µ1) λ1 0 0 . . .
0 µ2 −(λ2 + µ2) λ2 0 . . .
0 0 µ3 −(λ3 + µ3) λ3
...

...
...

...
...

. . .

 .

'Ara, h alusÐda aut  eÐnai omoiìmorfa suneq c sthn arq  an kai mìnon an supi=0,1,... sup{λi+µi} < ∞.

Parat rhsh 2.6. H alusÐda gènnhshc kai jan�tou eÐnai adiaq¸risth, ektìc an λ0 = 0, opìte h
kat�stash 0 eÐnai aporrofhtik .

Apì thn exÐswsh olikoÔ isozugÐou (πG = 0), èqoume to sÔsthma:

−λ0π0 + µ1π1 = 0,
λn−1πn−1 − (λn + µn)πn + µn+1πn+1 = 0, gia n ≥ 1,

apì ìpou mporoÔme na upologÐsoume th monadik  st�simh katanom  π:

Prìtash 2.19.

πn =
λ0λ1 . . . λn−1

µ1µ2 . . . µn
π0, gia n ≥ 1, π0 =

( ∞∑
n=0

λ0λ1 . . . λn−1

µ1µ2 . . . µn

)−1

,

an kai mìnon an
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∞∑
n=0

λ0λ1 . . . λn−1

µ1µ2 . . . µn
< ∞,

ìpou o ìroc n = 0 lamb�netai wc 1.

Pìrisma 2.8. 'Estw h alusÐda gènnhshc kai jan�tou me rujmoÔc λn = λ, µn = nµ, gia n =
0, 1, 2, . . . . Tìte, kaj¸c t → ∞, h tuqaÐa metablht  X(t) akoloujeÐ thn katanom  Poisson me
par�metro ρ = λ/µ, dhlad ,

lim
t→∞

P (X(t) = n) =
ρn

n!
e−ρ, n = 0, 1, 2, . . . .
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3. DiadikasÐec Ananèwshc kai Ourèc

3.1. DiadikasÐec Ananèwshc

Orismìc 3.34. Mia diadikasÐa ananèwshc (renewal process) N = {N(t) : t ≥ 0} eÐnai mia sto-
qastik  diadikasÐa suneqoÔc qrìnou tètoia ¸ste

N(t) = max{n : Tn ≤ t},
ìpou T0 = 0, Tn = X1 +X2 + . . .+Xn, gia n ≥ 1, kai {Xi} eÐnai mia akoloujÐa anex�rthtwn kai ìmoia
katanemhmènwn tuqaÐwn metablht¸n, pou paÐrnoun mh arnhtikèc timèc.

Sun jwc, autì pou katalabaÐnoume me mia diadikasÐa ananèwshc eÐnai ìti oi tuqaÐec metablhtèc N(t)
anaparistoÔn to pl joc twn for¸n, stic opoÐec sumbaÐnei k�poio epanalambanìmeno gegonìc kat�
th di�rkeia tou qronikoÔ diast matoc [0, t], ìpwc, p.q., to pl joc afÐxewn   �llwn qarakthristik¸n
sumb�ntwn. Me thn ènnoia aut , ja onom�zoume to Tn “qrìno thc n-ost c �fixhc” kai to Xn “n-ostì
qronikì di�sthma metaxÔ duo diadoqik¸n afÐxewn”.

Parat rhsh 3.7. Gia ton orismì miac diadikasÐac ananèwshc arkeÐ na dÐnetai apl¸c mia stoqastik 
diadikasÐa suneqoÔc qrìnou N = {N(t)} (pou paÐrnei akèraiec mh arnhtikèc timèc kai eÐnai mh fjÐ-
nousa), apì thn opoÐa mporeÐ na orisjoÔn h akoloujÐa Tn twn qrìnwn twn afÐxewn kai h akoloujÐa
Xn twn qronik¸n diasthm�twn metaxÔ duo diadoqik¸n afÐxewn wc ex c:

Tn = inf{t : N(t) = n}, Xn = Tn − Tn−1,

ètsi ¸ste h {Xn} na eÐnai mia akoloujÐa anex�rthtwn kai ìmoia katanemhmènwn tuqaÐwn metablht¸n
(mh arnhtik¸n tim¸n).

Je¸rhma 3.23. K�je diadikasÐa Poisson eÐnai mia diadikasÐa ananèwshc. Epiplèon, h diadikasÐa
Poisson eÐnai h monadik  diadikasÐa ananèwshc, pou eÐnai alusÐda Markov.

Orismìc 3.35. H sun�rthsh ananèwshc m(t) orÐzetai san h mèsh tim  tou N(t), dhlad ,

m(t) = E(N(t)).

Je¸rhma 3.24. An µ = E(X1) < ∞, tìte

1
t

N(t) σ.σ.−→ 1
µ

, kaj¸c t →∞,

Parap�nw, “σ.σ.” shmaÐnei “sqedìn sÐgoura”, dhlad , ìti h pijanìthta na sumbeÐ k�poio gegonìc (ed¸,
h sÔgklish tou parap�nw orÐou) eÐnai 1.

Je¸rhma 3.25. An µ = E(X1) < ∞, tìte

1
t

m(t) → 1
µ

, kaj¸c t →∞.

Ac upojèsoume t¸ra ìti th qronik  stigm  t arqÐzoume na parathroÔme mia diadikasÐa ananèwshc N .
Wc tìte èqoun  dh l�bei q¸ra N(t) sumb�nta, ac poÔme, afÐxeic, kai h akrib¸c epìmenh �fixh ja eÐnai
h (N(t)+1)-ost . Me �lla lìgia, o qrìnoc t an kei sto tuqaÐo di�sthma It = [TN(t), TN(t)+1). Tìte,
èqei meg�lo endiafèron na mporoÔme na prosdiorÐsoume tic ex c treic tuqaÐec metablhtèc:

(i) O upìloipoc qrìnoc zw c sto t tou It: E(t) = TN(t)+1 − t.

(ii) O par¸n qrìnoc zw c sto t tou It: C(t) = t− TN(t).

(iii) O sunolikìc qrìnoc zw c sto t tou It: D(t) = E(t) + C(t) = XN(t)+1.
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3.2. DiadikasÐec Ananèwshc-Amoib c kai to Je¸rhma tou Little

'Estw h diadikasÐa ananèwshc N = N(t) orismènh wc N(t) = sup{n : Tn ≤ t}, ìpou
Tn = X1 + X2 + . . . + Xn. JewroÔme tìte ta zeug�ria {(Xi, Ri) : i ≥ 1} twn anex�rthtwn
kai ìmoia katanemhmènwn tuqaÐwn metablht¸n Xi kai Ri me Xi ≥ 0 (all� metaxÔ touc oi tuqaÐec
metablhtèc Xi kai Ri den upotÐjetai ìti eÐnai anex�rthtec). H tuqaÐa metablht  Xi eÐnai o qrìnoc
metaxÔ duo diadoqik¸n afÐxewn thc diadikasÐac ananèwshc N kai h tuqaÐa metablht  Ri jewreÐtai
ìti eÐnai k�poia ‘amoib ,’ pou aponèmetai metaxÔ duo diadoqik¸n afÐxewn thc N . Bèbaia, h amoib  ja
mporoÔse na  tan arnhtik , opìte ja th jewroÔsame san ‘kìstoc’.

OrÐzoume th diadikasÐa sunolik c amoib c C = C(t) wc

C(t) =
N(t)∑
i=1

Ri

kai th sun�rthsh amoib c c(t) wc th mèsh tim  thc C(t), dhlad ,

c(t) = E(C(t)).

Se ì,ti akoloujeÐ sthn par�grafo aut , ja sumbolÐzoume X = X1 kai R = R1.

Je¸rhma 3.26. (Je¸rhma Ananèwshc-Amoib c.) An 0 < E(X) < ∞ kai E(|R|) < ∞,
tìte

C(t)
t

σ.σ.−→ E(R)
E(X)

, kaj¸c t →∞,

c(t)
t
−→ E(R)

E(X)
, kaj¸c t →∞.

Ja efarmìsoume, sth sunèqeia, to je¸rhma ananèwshc-amoib c gia èna sÔsthma our�c anamon c.
Parìti ja asqolhjoÔme leptomerèstera me diadikasÐec our¸n sthn epìmenh par�grafo, ac poÔme ed¸
ìti me mia “our� anamon c kai exuphrèthshc” ennooÔme èna sÔsthma, sto opoÐo oi pel�tec fj�noun
ènac-ènac mprost� se mia mon�da ( , genik¸c, perissìterec) exuphrèthshc gia na exuphrethjoÔn me
th seir�. O n-ostìc pel�thc dapan� èna qrìno anamon c sto sÔsthma (sumperilambanomènou kai tou
qrìnou exuphrèthshc) kai met� anaqwreÐ.

Upojètoume ìti up�rqei sqedìn sÐgoura (dhlad , me pijanìthta 1) ènac peperasmènoc (tuqaÐoc)
qrìnoc T > 0, o opoÐoc onom�zetai qrìnoc anagènnhshc kai eÐnai tètoioc ¸ste h diadikasÐa, pou
arqÐzei to qrìno T , na èqei thn Ðdia katanom  me thn antÐstoiqh diadikasÐa, pou arqÐzei to qrìno 0.
Epiplèon, upojètoume ìti o arijmìc twn pelat¸n sto sÔsthma Q(t) to qrìno t eÐnai tètoioc ¸ste
Q(0) = Q(T ) = 0. Me �lla lìgia, up�rqei mia akoloujÐa qrìnwn 0 = T0 < T1 < T2 < . . . , k�je ènac
apì touc opoÐouc eÐnai qrìnoc anagènnhshc thc diadikasÐac, ètsi ¸ste ta qronik� diast mata metaxÔ
duo diadoqik¸n qrìnwn anagènnhshc Xi = Ti − Ti−1 na eÐnai anex�rthta kai ìmoia katanemhmèna. Me
�lla lìgia, h our�, pou exet�zoume, eÐnai h diadikasÐa ananèwshc twn parap�nw qrìnwn anagènnhshc.

Ta qronik� diast mata [Ti−1, Ti) sun jwc onom�zontai kÔkloi aut c thc diadikasÐac. ParathroÔme
ìti h stoqastik  diadikasÐa Pi = {Q(t) : Ti−1 ≤ t < Ti}, i ≥ 1, apoteleÐtai apì anex�rthtec kai
ìmoia katanemhmènec tuqaÐec metablhtèc. Gr�foume Ni gia ton arijmì twn pelat¸n, pou fj�noun
kat� th di�rkeia tou kÔklou [Ti−1, Ti), kai sumbolÐzoume N = N1, T = T1. Epiplèon, upojètoume ìti
ta shmeÐa anagènnhshc epilègontai ètsi ¸ste Ni > 0, gia k�je i. Tèloc, upojètoume ìti
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E(T ) < ∞, E(N) < ∞, E(NT ) < ∞.

Efarmìzontac to je¸rhma ananèwshc-amoib c treic forèc, katal goume sta ex c apotelèsmata:

(A) JewroÔme th diadikasÐa ananèwshc-amoib c me qrìnouc afÐxewn T0, T1, T2, . . . , sthn opoÐan amoib 
sto qronikì di�sthma metaxÔ duo diadoqik¸n afÐxewn Xi = Ti − Ti−1 orÐzetai wc:

Ri =
∫ Ti

Ti−1

Q(u) du.

Oi Ri èqoun thn Ðdian katanom  me thn R = R1 =
∫ T
0 Q(u) du. Epiplèon, Q(u) ≤ N , ìtan 0 ≤ u ≤ T ,

kai, �ra, E(R) ≤ E(NT ) < ∞. Epomènwc, apì to je¸rhma ananèwshc-amoib c paÐrnoume:

1
t

∫ t

0
Q(u) du

σ.σ.−→ E(R)
E(T )

, kaj¸c t →∞.

O lìgoc E(R)/E(T ) onom�zetai asumptwtikì mèso m koc our�c kai sumbolÐzetai me L.

(B) JewroÔme sth sunèqeia mia deÔterh diadikasÐa ananèwshc-amoib c me qrìnouc afÐxewn
T0, T1, T2, . . . , sthn opoÐan h amoib  sto qronikì di�sthma metaxÔ duo diadoqik¸n afÐxewn orÐze-
tai t¸ra na eÐnai Ðsh me ton arijmì Ni twn pelat¸n, pou fj�noun kat� th di�rkeia tou antÐstoiqou
kÔklou. P�li apì to je¸rhma ananèwshc-amoib c paÐrnoume:

N(t)
t

σ.σ.−→ E(N)
E(T )

, kaj¸c t →∞.

O lìgoc E(N)/E(T ) onom�zetai asumptwtikìc rujmìc afÐxewn kai sumbolÐzetai me λ.

(C) Tèloc, jewroÔme th diadikasÐa ananèwshc-amoib c me qronik� diast mata metaxÔ duo diadoqik¸n
qrìnwn afÐxewn N1, N2, . . . , sthn opoÐan h amoib  Si sto di�sthma Ni metaxÔ duo diadoqik¸n afÐxewn
orÐzetai Ðsh me to �jroisma twn qrìnwn anamon c twn pelat¸n, pou fj�noun kat� th di�rkeia tou
i-ostoÔ kÔklou thc our�c. P�li apì to je¸rhma ananèwshc-amoib c paÐrnoume:

1
n

n∑
i=1

Vi
σ.σ.−→ E(S)

E(N)
, kaj¸c t →∞.

O lìgoc E(S)/E(N) onom�zetai asumptwtikìc mèsoc qrìnoc anamon c kai sumbolÐzetai me W .

Je¸rhma 3.27. (To Je¸rhma tou Little.) Gia k�je diadikasÐa ananèwshc-amoib c, èqoume

L = λW.

3.3. DiadikasÐec Our¸n Anamon c kai Exuphrèthshc

Sth sunèqeia, ja exet�soume tic diadikasÐec our¸n anamon c san diadikasÐec ananèwshc. Gia to
skopì autì, upojètoume ìti oi pel�tec fj�noun se èna stajmì exuphrèthshc, ston opoÐo leitourgeÐ
k�poio sugkekrimèno pl joc mon�dwn (  susthm�twn) exuphrèthshc, gia k�poio kajorismèno skopì,
an�loga me thn efarmog , pou melet�me. Epeid , ìtan fj�sei k�poioc pel�thc, eÐnai pijanì ìlec oi
mon�dec exuphrèthshc na eÐnai kateilhmmènec apì �llouc pel�tec, gia autì, mporeÐ oi pel�tec pou
fj�noun sto stajmì exuphrèthshc na prèpei na perimènoun gia k�poio qronikì di�sthma mèqric ìtou
na adei�sei mia mon�da exuphrèthshc kai met� aut� na exuphrethjoÔn (ektìc an, ìtan ìlec oi mon�dec
exuphrèthshc eÐnai kateilhmmènec, oi pel�tec eÐnai upoqrewmènoi na fÔgoun). Genik¸c p�ntwc, ìtan
èrjei h seir� tou, ènac pel�thc exuphreteÐtai apì to sÔsthma kai amèswc met� feÔgei.
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Gia na perigr�youme èna tètoio sÔsthma epakrib¸c, prèpei pr¸ta na èqoume perissìterec plhro-
forÐec gia to p¸c gÐnontai k�poiec leptomèreiec thc diadikasÐac aut c. Gia par�deigma, qrei�zetai na
gnwrÐzoume tètoia zht mata, ìpwc p¸c akrib¸c eisèrqontai sto sÔsthma oi pel�tec, me poia seir�
exuphretoÔntai kai pìso diarkeÐ h perÐodoc thc exuphrèths c touc. K�poiec genikèc apant seic sta
zht mata aut� dÐnontai me tic parak�tw dieukrinÐseic:

(i) O arijmìc N(t) twn pelat¸n, pou èqoun eisèljei sto sÔsthma mèqri to qrìno t, apoteleÐ mia
diadikasÐa ananèwshc. Dhlad , an Tn eÐnai o qrìnoc �fixhc tou n-ostoÔ pel�th (me th sÔmbash
ìti T0 = 0), tìte ta qronik� diast mata metaxÔ duo diadoqik¸n afÐxewn Xn = Tn − Tn−1

sqhmatÐzoun mia anex�rthta kai ìmoia katanemhmènh stoqastik  diadikasÐa.

(ii) Oi teleutaÐa afikniìmenoi pel�tec eisèrqontai sto tèloc thc our�c anamon c, dhlad , h ex-
uphrèthsh twn pelat¸n akoloujeÐ ton kanìna: “autìc pou fj�nei pr¸toc, exuphreteÐtai kai
pr¸toc” (sta agglik� “First In, First Out ”). Me thn ènnoia (epeid  mporeÐ na up�rqoun
perissìterec thc miac mon�dec exuphrèthshc) ìti up�rqei mia monadik  our� anomon c kai, ìtan
mia mon�da exuphrèthshc af netai eleÔjerh, tìte o pr¸toc sthn our� (seir�) pel�thc phgaÐnei
ekeÐ gia na exuphrethjeÐ.

(iii) SumbolÐzontac me Sn to qrìno exuphrèthshc tou n-ostoÔ pel�th, upojètoume ìti oi qrìnoi
exuphrèthshc Sn eÐnai anex�rthtec kai ìmoia katanemhmènec tuqaÐec metablhtèc, oi opoÐec den
exart¸ntai apì to qrìno �fixhc twn pelat¸n. Akìmh, èstw Vn o sunolikìc qrìnoc anamon c
sto sÔsthma tou n-ostoÔ pel�th (sumperilambanomènou tou qrìnou exuphrèthshc Sn).

'Estw arijmìc Q(t) twn pelat¸n sto sÔsthma to qrìno t (sumperilambanomènwn ki ekeÐnwn pou
exuphretoÔntai tìte). 'Eqei idiaÐtero endiafèron h tim  tou orÐou tou Q(t), kaj¸c t →∞. Profan¸c,
den eÐnai epijumhtèc diadikasÐec, gia tic opoÐec limt→∞ Q(t) = ∞. 'Etsi, mia our� onom�zetai
eustaj c, an up�rqei to ìrio limt→∞ Q(t), kai diaforetik� astaj c.

SumbolÐzontac me E(S) th mèsh tim  thc stoqastik c diadikasÐac twn qrìnwn exuphrèthshc Sn kai
me E(X) th mèsh tim  thc stoqastik c diadikasÐac twn qronik¸n diasthm�twn metaxÔ duo diadoqik¸n
afÐxewn Xn, orÐzoume thn èntash ρ thc kukloforÐac thc our�c san ton ex c lìgo:

ρ =
E(S)
E(X)

.

Je¸rhma 3.28. 'Estw Q = {Q(t) : t ≥ 0} mia our� se èna sÔsthma me monadik  mon�da ex-
uphrèthshc. 'Estw ρ h èntash kukloforÐac thc our�c aut c.

(i) An ρ < 1, tìte h our� Q eÐnai eustaj c.

(ii) An ρ > 1, tìte h our� Q eÐnai astaj c.

(iii) An ρ = 1 kai toul�qiston mia apì tic Sn kai Xn èqei austhr� jetik  metablhtìthta, tìte h
our� Q eÐnai astaj c.

3.4. Sumbolismìc Our¸n

SunoyÐzontac ta prohgoÔmena, mporoÔme na poÔme ìti se k�je our� antistoiqoÔn duo akoloujÐec
anex�rthtwn kai ìmoia katanemhmènwn tuqaÐwn metablht¸n: h akoloujÐa {Xn : n ≥ 1} twn qronik¸n
diasthm�twn metaxÔ duo diadoqik¸n afÐxewn twn pelat¸n me koin  sun�rthsh katanom c FX kai
h akoloujÐa {Sn : n ≥ 1} twn qrìnwn exuphrèthshc twn pelat¸n me koin  sun�rthsh katanom c
FS . Upojètoume ìti oi afÐxeic twn pelat¸n gÐnontai ìpwc stic diadikasÐec ananèwshc, dhlad ,
gnwrÐzoume ta qronik� diast mata Xn metaxÔ duo diadoqik¸n afÐxewn, opìte o n-ostìc pel�thc
xèroume ìti fj�nei to qrìno Tn = X1 + X2 + . . . + Xn. K�je afikniìmenoc pel�thc stèketai
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sth monadik  our� exuphrèthshc, ìpou mprost� tou brÐskontai ìloi oi pel�tec pou èqoun  dh
fj�sei prin apì autìn kai perimènoun na exuphrethjoÔn apì ton pr¸to exuphretht  (server), pou
ja eÐnai diajèsimoc. 'Otan èrjei h seir� tou n-ostoÔ pel�th na exuphrethjeÐ, dhlad , ìtan autìc
brÐsketai sthn kefal  thc our�c kai sugqrìnwc adei�zei k�poioc exuphretht c, o n-ostìc pel�thc ja
exuphrethjeÐ mèsa sto qronikì di�sthma Sn kai amèswc met� ja fÔgei apì to sÔsthma. SumbolÐzoume
me Q(t) ton arijmì twn pelat¸n, pou brÐskontai sthn our� thc anamon c exuphrèthshc to qrìno t
(sumperilambanomènwn ki ekeÐnwn pou exuphretoÔntai to qrìno t), kai, fusik�, èqoume Q(0) = 0.
Profan¸c, h Q = {Q(t) : t ≥ 0} eÐnai mia stoqastik  diadikasÐa, thc opoÐac oi katanomèc exart¸ntai
apì tic sunart seic katanom¸n FX kai FS . Epomènwc, di�fora zht mata, pou mac endiafèroun na
katano soume (ìpwc, p.q., an h Q eÐnai   ìqi diadikasÐa Markov, poia eÐnai h asumptwtik  sumperifor�
thc Q(t), kaj¸c t →∞, k.o.k.) exart¸ntai apì ton epakrib  kajorismì twn sunart sewn katanom¸n
FX kai FS .

'Etsi, gia na perigrafeÐ epakrib¸c mia our�, qrhsimopoioÔme to sumbolismì A/B/s, pou eis qhjke
apì ton D. Kendall, ìpou to A kajorÐzei thn FX , to B thn FS kai to s ton arijmì twn mon�dwn
exuphrèthshc (exuphretht¸n) tou sust matoc. Tupikèc peript¸seic gia ta A kai B eÐnai:

D(d) ≡ katanom  sqedìn sÐgoura sugkentrwmènh sthn tim  d (D apì to ‘nteterministik  ’),
M(λ) ≡ ekjetik  katanom  me par�metro λ (M apì to ‘Markobian  ’),

Γ(λ, k) ≡ katanom  g�mma me paramètrouc λ kai k,
G ≡ k�poia genik  katanom , stajer  all� mh kajorismènh.

Anaforik� t¸ra me ton epakrib  trìpo, me ton opoÐon gÐnetai h exuphrèthsh twn pelat¸n, ac
epanel�boume ìti upojètoume pwc akoloujeÐtai o kanìnac FIFO, arqik� proerqìmena apì thn
agglik  èkfrash “First In, First Out ”, me thn opoÐan ennooÔme ìti “autìc pou fj�nei pr¸toc,
exuphreteÐtai kai pr¸toc.”

Merikèc forèc ìmwc, antÐ tou A/B/s, qrhsimopoieÐtai o analutikìteroc sumbolismìc A/B/s/K/N ,
ìpou K eÐnai h qwrhtikìthta tou sust matoc exuphrèthshc kai N to sunolikì pl joc twn pelat¸n,
pou jèloun na exuphrethjoÔn apì to sÔsthma autì. H qwrhtikìthta K (≥ s) tou sust matoc
kajorÐzei to epitrepìmeno pl joc pelat¸n, pou mporoÔn tautìqrona na perimènoun na exuphrethjoÔn
apì tic mon�dec exuphrèthshc tou sust matoc (sumperilambanomènwn twn s pelat¸n, pou exuphre-
toÔntai ton Ðdio qrìno). Autì shmaÐnei ìti, an k�poia stigm  brÐskontai sto sÔsthma K pel�tec,
tìte to sÔsthma di¸qnei (eÐnai kleistì gia) ìlouc touc �llouc pel�tec, pou èrqontai sth sunèqeia,
prin adei�sei k�poioc exuphretht c. P�ntwc, akoloujoÔme thn tupik  sÔmbash ìti, an eÐnai apìn èna
apì ta duo teleutaÐa orÐsmata ston analutikì sumbolismì twn our¸n, tìte upojètoume pwc to apìn
ìrisma paÐrnei thn tÐmh �peiro.

Epiplèon, ac parathr soume ìti sun jwc h katanom  M(λ) sto sumbolismì twn our¸n gr�fetai se
suntomÐa apl¸c san M (gia par�deigma, sun jwc gr�foume M/M/1 antÐ tou plhrèsterou sumboli-
smoÔ M(λ)/M(µ)/1).

3.5. Ourèc M/M/1

Sthn our� M/M/1, pou eÐnai suntìmeush tou M(λ)/M(µ)/1, ta qronik� diast mata metaxÔ diado-
qik¸n afÐxewn katanèmontai ekjetik� me par�metro λ kai oi qrìnoi exuphrèthshc p�li ekjetik� me
par�metro µ. Dhlad , oi pel�tec fj�noun sÔmfwna me mia diadikasÐa Poisson me èntash λ se èna
sÔsthma exuphrèthshc, sto opoÐo leitourgeÐ mia mìno mon�da exuphrèthshc. H diadikasÐa tou arijmoÔ
Q = {Q(t) : t ≥ 0} twn exuphretoÔmenwn pelat¸n sqhmatÐzei mia alusÐda Markov suneqoÔc qrìnou
sto q¸ro katast�sewn {0, 1, 2, . . .}, lìgw tou ìti h ekjetik  katanom  èqei thn idiìthta na stereÐtai
mn mhc. Epiplèon, h Q eÐnai mia diadikasÐa gènnhshc-jan�tou me touc parak�tw rujmoÔc:
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λn = λ , gia n = 0, 1, 2, . . . , µn =
{

µ, an n ≥ 1,
0, an n = 0.

Oi pijanìthtec pn(t) = P (Q(t) = n) ikanopoioÔn tic proc ta emprìc exis¸seic Kolmogorov:

dpn

dt
= λpn−1(t)− (λ + µ)pn(t) + µpn+1(t), gia n ≥ 1,

dp0

dt
= −λp0(t) + µp1(t),

oi opoÐec prèpei na lujoÔn mazÐ me tic arqikèc sunj kec pn(0) = δ0n, to dèlta tou Kronecker. Gia th
lÔsh twn exis¸sewn aut¸n, mporoÔme na qrhsimopoi soume to metasqhmatismì Laplace thc pn, pou
dÐnetai wc

p̂n(θ) =
∫ ∞

0
e−θtpn(t) dt.

Je¸rhma 3.29. O metasqhmatismìc Laplace thc lÔshc twn proc ta emprìc exis¸sewn Kolmogorov
eÐnai

p̂n(θ) = θ−1[1− α(θ)]α(θ)n,

ìpou

α(θ) =
(λ + µ + θ)−

√
(λ + µ + θ)2 − 4λµ

2µ
.

Parìti mporeÐ na exaqjeÐ san pìrisma tou prohgoÔmenou apotelèsmatoc, eÐnai eukolìtero na melet -
soume apeujeÐac thn asumptwtik  sumperifor� thc Q(t), kaj¸c t →∞, gia na broÔme:

Je¸rhma 3.30. 'Estw ρ = λ/µ h èntash thc kukloforÐac thc our�c M/M/1.

(i) An ρ < 1, tìte limt→∞ P (Q(t) = n) = (1− ρ)ρn = πn, gia ìla ta n ≥ 0, ìpou π = (πn : n ≥ 0)
eÐnai h monadik  st�simh katanom  thc Q.

(ii) An ρ ≥ 1, tìte den up�rqei st�simh katanom  thc Q kai limt→∞ P (Q(t) = n) = 0, gia ìla ta
n ≥ 0.

3.6. Ourèc M/M/s kai M/M/∞

Sthn our� M(λ)/M(µ)/s, oi pel�tec fj�noun p�li sÔmfwna me mia diadikasÐa Poisson me èntash λ se
èna sÔsthma exuphrèthshc, sto opoÐo leitourgoÔn t¸ra s mon�dec exuphrèthshc, kai exuphretoÔntai
se qrìnouc, pou katanèmontai ki autoÐ ekjetik� me par�metro µ. H diadikasÐa tou arijmoÔ Q = {Q(t) :
t ≥ 0} twn exuphretoÔmenwn pelat¸n sqhmatÐzei p�li mia alusÐda Markov suneqoÔc qrìnou sto q¸ro
katast�sewn {0, 1, 2, . . .}, h opoÐa eÐnai mia diadikasÐa gènnhshc-jan�tou me touc parak�tw rujmoÔc:

λn = λ , gia n = 0, 1, 2, . . . ,

µn = min{nµ, sµ} =
{

nµ, an 0 ≤ n ≤ s,
sµ, an n ≥ s.

'Opwc prohgoÔmena, paÐrnoume t¸ra to parak�tw apotèlesma gia thn asumptwtik  sumperifor� thc
Q(t), kaj¸c t →∞.
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Je¸rhma 3.31. 'Estw ρ = λ/(sµ) h èntash thc kukloforÐac thc our�c M/M/s.

(i) An ρ < 1, tìte h monadik  st�simh katanom  thc Q eÐnai h π = (πn : n ≥ 0), πn =
limt→∞ P (Q(t) = n), gia n ≥ 0, me:

πn =


(sρ)n

n!
π0, an n ≤ s,

(ρ)nss

s!
π0, , an n ≥ s,

ìpou

π0 =
[ s−1∑

n=0

(sρ)n

n!
+

(
(sρ)s

s!

)(
1

1− ρ

)]−1

.

(ii) An ρ ≥ 1, tìte den up�rqei st�simh katanom  thc Q kai limt→∞ P (Q(t) = n) = 0, gia ìla ta
n ≥ 0.

Apì touc prohgoÔmenouc tÔpouc, mporoÔme na ex�goume thn pijanìthta P (queueing) na mpei ènac
pel�thc sthn our� anamon c (epeid  ìlec oi mon�dec exuphrèthshc tou sust matoc eÐnai kateilhm-
mènec):

P (queueing) =
∞∑

n=s

πn =

=

(
(sρ)s

s!

)(
1

1− ρ

)
[ s−1∑

n=0

(sρ)n

n!
+

(
(sρ)s

s!

)(
1

1− ρ

)] .

H prohgoÔmenh èkfrash gia thn pijanìthta P (queueing) na mpei ènac pel�thc sthn our� anamon c
onom�zetai tÔpoc C tou Erlang kai suqn� sumbolÐzetai wc C(s, ρ), gia ρ = λ/µ.

Erqìmaste t¸ra sthn our� M(λ)/M(µ)/∞. H perÐptwsh aut  mporeÐ eÔkola na analujeÐ ìpwc
prohgoumènwc, parathr¸ntac ìti t¸ra oi rujmoÐ thc antÐstoiqhc diadikasÐac gènnhshc-jan�tou eÐnai:

λn = λ , gia n = 0, 1, 2, . . . ,
µn = nµ , gia n = 1, 2, 3, . . . .

'Opwc prohgoÔmena, paÐrnoume t¸ra to parak�tw apotèlesma gia thn asumptwtik  sumperifor� thc
Q(t), kaj¸c t →∞.

Je¸rhma 3.32. 'Estw ρ = λ/µ < ∞ h èntash thc kukloforÐac thc our�c M/M/∞. Tìte h
monadik  st�simh katanom  thc Q eÐnai h π = (πn: n ≥ 0), πn = limt→∞ P (Q(t) = n), gia n ≥ 0, me:

πn =
ρn

n!
e−ρ, gia n = 0, 1, 2, . . . .
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3.7. Ourèc M/M/s/s me Ap¸leiec

Sthn our� M(λ)/M(µ)/s/s, leitourgoÔn p�li s mon�dec exuphrèthshc all� kai h qwrhtikìthta tou
sust matoc eÐnai akrib¸c s pel�tec. Autì shmaÐnei ìti, ìtan ìlec oi s mon�dec exuphrèthshc tou
sust matoc eÐnai kateilhmmènec (dhlad , ìtan up�rqoun s pel�tec sto sÔsthma), tìte upoqrewtik�
feÔgoun (q�nontai) ìsoi tuqìn pel�tec èrjoun, prin adei�sei k�poioc exuphretht c. H perÐptwsh
aut  mporeÐ eÔkola na analujeÐ ìpwc prohgoumènwc, parathr¸ntac ìti t¸ra oi rujmoÐ thc antÐstoiqhc
diadikasÐac gènnhshc-jan�tou eÐnai:

λn =
{

λ, an 0 ≤ n < s,
0, an n ≥ s,

µn =
{

nµ, an 1 ≤ n ≤ s,
0, an n > s.

Epomènwc, t¸ra h diadikasÐa tou arijmoÔ Q = {Q(t) : t ≥ 0} twn exuphretoÔmenwn pelat¸n sqhmatÐzei
mia alusÐda Markov suneqoÔc qrìnou ston peperasmèno q¸ro katast�sewn {0, 1, . . . , s}. 'Opwc
prohgoÔmena, paÐrnoume t¸ra to parak�tw apotèlesma gia thn asumptwtik  sumperifor� thc Q(t),
kaj¸c t →∞.

Je¸rhma 3.33. 'Estw ρ = λ/µ < ∞ h èntash thc kukloforÐac thc our�c M/M/s/s. Tìte h
monadik  st�simh katanom  thc Q eÐnai h π = (πn: n ≥ 0), πn = limt→∞ P (Q(t) = n), gia n ≥ 0, me:

πn =


ρn

n!
π0, gia 0 ≤ n ≤ s,

0, gia n > s.

ìpou

π0 =
[ s∑

n=0

ρn

n!

]−1

.

Apì to parap�nw apotèlesma, mporoÔme eÔkola na upologÐsoume to kl�sma tou qrìnou, sto opoÐo
ìloi oi s exuphrethtèc tou sust matoc eÐnai kateilhmmènoi. To kl�sma autì dÐnetai apì thn pijanìthta
πs, h opoÐa eÐnai:

πs =

ρ s

s!
s∑

n=0

ρn

n!

.

Aut  h èkfrash onom�zetai tÔpoc B twn apwlei¸n tou Erlang kai suqn� sumbolÐzetai wc B(s, ρ), gia
ρ = λ/µ.

3.8. Ourèc M/G/1

Sthn our� M(λ)/G/1, oi pel�tec fj�noun sÔmfwna me mia diadikasÐa Poisson èntashc λ. 'Estw
Dn o qrìnoc anaq¸rhshc (apì ton exuphretht ) tou n-ostoÔ pel�th (ennoeÐtai, fusik�, afoÔ autìc
exuphrethjeÐ) kai èstw Q(Dn) o arijmìc twn pelat¸n, pou autìc af nei pÐsw tou sthn our� amèswc
met� thn anaq¸rhs  tou.

Je¸rhma 3.34. H diadikasÐa Q(D) = {Q(Dn) : n ≥ 1} eÐnai mia alusÐda Markov me pÐnaka pija-
not twn metab�sewn:
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PD =


δ0 δ1 δ2 . . .
δ0 δ1 δ2 . . .
0 δ0 δ1 . . .
0 0 δ0 . . .
...

...
...

. . .

 ,

ìpou

δj = E

(
(λS)j

j !
e−λS

)
kai S eÐnai ènac tupikìc qrìnoc exuphrèthshc.

Je¸rhma 3.35. 'Estw ρ = λE(S) h èntash thc kukloforÐac thc our�c M/G/1.

(i) An ρ < 1, tìte h alusÐda Q(D) eÐnai ergodik  kai èqei mia monadik  st�simh katanom  π me
genn tria sun�rthsh

G(s) =
∑

j

πjs
j = (1− ρ)(s− 1)

MS(λ(s− 1))
s−MS(λ(s− 1))

,

ìpou MS eÐnai h ropo-genn tria sun�rthsh enìc tupikoÔ qrìnou exuphrèthshc.

(ii) An ρ > 1, tìte h Q(D) eÐnai parodik .

(iii) An ρ = 1, tìte h Q(D) eÐnai mhdenik� epanaferìmenh.

Je¸rhma 3.36. 'Otan ρ < 1 kai h our� M/G/1 brÐsketai se isorropÐa (dhlad , èqei katanom  π),
o qrìnoc anamon c W twn pelat¸n, prin autoÐ arqÐsoun na exuphretoÔntai, èqei th ropo-genn tria
sun�rthsh

MW (s) =
(1− ρ)s

λ + s− λMS(s)
.

3.9. Ourèc G/M/1

Sthn our� G/M(µ)/1, oi pel�tec exuphretoÔntai sÔmfwna me mia diadikasÐa Poisson èntashc µ. 'Estw
Q(An) o arijmìc twn pelat¸n, pou brÐskontai mprost� apì ton n-ostì pel�th, th stigm  pou mìlic
autìc eisèrqetai ston exuphretht .

Je¸rhma 3.37. H diadikasÐa Q(A) = {Q(An) : n ≥ 1} eÐnai mia alusÐda Markov me pÐnaka pija-
not twn metab�sewn:

PA =


1− α0 α0 0 0 . . .

1− α0 − α1 α1 α0 0 . . .
1− α0 − α1 − α2 α2 α1 α0 . . .

...
...

...
...

. . .

 ,

ìpou

αj = E

(
(µX)j

j !
e−µX

)
kai X eÐnai èna tupikì qronikì di�sthma metaxÔ diadoqik¸n afÐxewn.
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Je¸rhma 3.38. 'Estw ρ = {µE(X)}−1 h èntash thc kukloforÐac thc our�c G/M/1.

(i) An ρ < 1, tìte h alusÐda Q(A) eÐnai ergodik  kai èqei mia monadik  st�simh katanom  π = (πj :
j ≥ 0),

πj = (1− η)ηj , gia j ≥ 0,

ìpou η eÐnai h mikrìterh jetik  rÐza thc exÐswshc η = MX(µ(η − 1)) kai MX eÐnai h ropo-
genn tria sun�rthsh thc X.

(ii) An ρ > 1, tìte h Q(A) eÐnai parodik .

(iii) An ρ = 1, tìte h Q(A) eÐnai mhdenik� epanaferìmenh.

Je¸rhma 3.39. 'Otan ρ < 1 kai h our� G/M/1 brÐsketai se isorropÐa (dhlad , èqei katanom  π),
o qrìnoc anamon c W twn pelat¸n, prin autoÐ arqÐsoun na exuphretoÔntai, èqei thn katanom 

P (W ≤ x) =
{

0, an x < 0,

1− η e−µ(1−η)x, an x ≥ 0.

3.10. Ourèc G/G/1

Oi ourèc G/G/1 apoteloÔn th genik  perÐptwsh our¸n, sthn opoÐan oÔte ta qronik� diast mata
metaxÔ twn diadoqik¸n afÐxewn oÔte oi qrìnoi exuphrèthshc den katanèmontai ekjetik�. SumbolÐ-
zontac me Wn to qrìno anamon c tou n-ostoÔ pel�th, mporeÐ na brejeÐ h parak�tw sqèsh metaxÔ
tou Wn kai tou Wn+1 sunart sei tou qrìnou exuphrèthshc Sn tou n-ostoÔ pel�th kai tou qronikoÔ
diast matoc Xn+1 metaxÔ thc �fixhc tou n-ostoÔ kai tou (n + 1)-ostoÔ pel�th.

Je¸rhma 3.40. (H exÐswsh tou Lindley.) IsqÔei ìti

Wn+1 = max{0,Wn + Sn −Xn+1}.

H exÐswsh tou Lindley sunep�getai th sÔgklish thc akoloujÐac twn sunart sewn katanom c
Fn(x) = P (Wn ≤ x) twn qrìnwn anamon c Wn, kaj¸c n →∞, sÔmfwna me to epìmeno apotèlesma.

Je¸rhma 3.41. 'Estw Fn(x) = P (Wn ≤ x) oi sunart seic katanom c twn qrìnwn anamon c Wn.
Tìte

Fn+1(x) =


0, an x < 0,∫ 0

−∞
Fn(x− y) dG(y), an x ≥ 0,

ìpou G eÐnai h sun�rthsh katanom c twn anex�rthtwn kai ìmoia katanemhmènwn tuqaÐwn metablht¸n
Un = Sn − Xn+1. Epomènwc, up�rqei to ìrio F (x) = limn→∞ Fn(x) kai ikanopoieÐ thn exÐswsh
Wiener-Hopf

F (x) =
∫ 0

−∞
F (x− y) dG(y), gia x ≥ 0.
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Je¸rhma 3.42. 'Estw ρ = E(S)/E(X) h èntash miac our�c G/G/1 kai èstw F (x) mia lÔsh thc
exÐswshc Wiener-Hopf.

(i) An ρ < 1, tìte h F (x) eÐnai mia sun�rthsh katanom c.

(ii) An eÐte ρ > 1   ρ = 1 kai var(U) > 0, tìte F (x) = 0, gia ìla ta x.

3.11. DÐktua Our¸n

EÐnai dunatìn, ìtan ènac pel�thc bgaÐnei apì mia our�, amèswc met�, na mpaÐnei se mia �llh.
M�lista, an autì suneqisjeÐ, eÐnai dunatìn o pel�thc na jel sei na xanampeÐ se mia our�, apì thn
opoÐan eÐqe  dh per�sei prohgoumènwc. 'Etsi, sqhmatÐzontai ta onomazìmena “dÐktua our¸n,” me th
bo jeia twn opoÐwn mporoÔn na melethjoÔn diadikasÐec diadoqik¸n perasm�twn se ourèc, pou eÐnai
entel¸c fusikèc se pollèc pragmatikèc katast�seic (p.q., sthn kukloforÐa pakètwn dedomènwn, pou
diakinoÔntai metaxÔ di�forwn kìmbwn enìc diktÔou upologist¸n).

Ac upojèsoume loipìn ìti up�rqei èna peperasmèno sÔnolo S apoteloÔmeno apì c stajmoÔc
exuphrèthshc, s1, s2, . . . , sc, apì touc opoÐouc pernoÔn N pel�tec. An to qrìno t h our� tou stajmoÔ
i perilamb�nei Qi(t) pel�tec, tìte oi pel�tec sto qrìno t, oi opoÐoi brÐskontai sto sunolikì dÐktuo
our¸n tou sust matoc, anaparÐstantai apì to di�nusma Q(t) = (Q1(t), Q2(t), . . . , Qc(t)). Q�rin
aplìthtac, upojètoume ìti h diadikasÐa Q eÐnai Markobian  me arijm simo sÔnolo katast�sewn
N = {n = (n1, n2, . . . , nc) : ni = 0, 1, 2, . . . , gia 1 ≤ i ≤ c}.

'Estw Q(t) = n ∈ N . SumbolÐzoume me ek = (0, 0, . . . , 0, 1, 0, . . . , 0) to di�nusma seir�c me c sunist¸-
sec, ìlec apì tic opoÐec eÐnai 0 ektìc apì thn k-ost , pou eÐnai 1. Tìte, gia ìla ta i 6= j, èqoume:

Q(t + h) =


n− ei + ej , me pijanìthta λijφi(ni)h + o(h),
n + ej , me pijanìthta νjh + o(h),
n− ei, me pijanìthta µiφi(ni)h + o(h),

ìpou λij , νj , µi eÐnai stajerèc kai φi eÐnai sunart seic tètoiec ¸ste φi(0) = 0 kai φi(n) > 0, gia
n ≥ 1. Epiplèon, ac upojèsoume ìti λii = 0, gia ìla ta i. Me �lla lìgia, oi pel�tec kinoÔntai apì
to stajmì exuphrèthshc i sto stajmì j (6= i) me rujmì λijφi(ni), oi nèec �fixeic ston j gÐnontai me
rujmì νj kai oi pel�tec feÔgoun apì ton i me rujmì µiφi(ni). ParathroÔme loipìn ìti oi anaqwr seic
apì èna stajmì exuphrèthshc gÐnontai me rujmoÔc, pou exart¸ntai apì ton arijmì twn pelat¸n sto
stajmì autì.

Ta dÐktua our¸n, pou orÐzontai me touc prohgoÔmenouc genikoÔc kanìnec, sun jwc onom�zontai dia-
dikasÐec diakin sewn   dÐktua Jackson. Epiplèon, èna tètoio dÐktuo our¸n lègetai ìti apoteleÐ mia
kleist  diadikasÐa diakin sewn, ìtan νj = µj = 0, gia ìla ta j, diìti sthn perÐptwsh aut  den mporeÐ
na gineÐ kamÐa �fixh apì   anaq¸rhsh proc ton exwterikì kìsmo. 'Otan k�poia apì ta νj   µj eÐnai
jetik�, tìte to dÐktuo our¸n lègetai ìti apoteleÐ mia anoikt  diadikasÐa diakin sewn.

Parat rhsh 3.8. Ac upojèsoume ìti se k�je stajmì i up�rqoun r exuphrethtèc kai ìti oi pel�tec
sto stajmì autì exuphretoÔntai sÔmfwna me thn ekjetik  katanom  me par�metro γi. FeÔgontac apì
to stajmì i, oi pel�tec kateujÔnontai proc to stajmì j (6= i) me pijanìthta pij   bgaÐnoun ex
olokl rou ektìc tou sunolikoÔ diktÔou twn stajm¸n me pijanìthta qi = 1−

∑
j: j 6=i pij . An upotejeÐ

h sÔnhjhc anexarthsÐa sto sÔsthma, tìte h antÐstoiqh diadikasÐa diakin sewn èqei paramètrouc φi =
min{n, r}, λij = γipij , µi = γiqi, νj = 0.
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Erqìmaste t¸ra na diereun soume th st�simh katanom  miac kleist c diadikasÐac diakin sewn. 'Etsi,
upojètoume ed¸ ìti νj = µj = 0, gia ìla ta j, kai sumbolÐzoume me N to sunolikì pl joc twn
pelat¸n, pou brÐskontai se olìklhro to dÐktuo our¸n.

Pr¸ta, ja asqolhjoÔme me thn perÐptwsh N = 1 kai, q�rin aplìthtac, ja upojèsoume ìti φi = 1,
gia k�je i. 'Otan t¸ra o monadikìc pel�thc bgeÐ apì to stajmì i, ja kateujunjeÐ ston j me rujmì
λij . Epomènwc, h jèsh tou pel�th autoÔ eÐnai mia alusÐda Markov suneqoÔc qrìnou me genn tora
H = {Hij}, pou dÐnetai wc ex c:

Hij =


λ ij , an i 6= j,

−
∑

k

λ ik, an i = j.

H alusÐda H èqei st�simh katanom  α = (αi : i ∈ S), pou ikanopoieÐ th sqèsh aH = 0, dhlad , tic
exis¸seic: ∑

j

αjλji = αi

∑
j

λij , gia i ∈ S,

exis¸seic pou ja upojètoume sth sunèqeia ìti ikanopoioÔntai apì tic sunist¸sec tou α. Epiplèon,
upojètontac ìti h alusÐda eÐnai adiaq¸risth, ja èqoume αi > 0, gia k�je i (en¸ p�nta isqÔei h
kanonikopoÐhsh

∑
i αi = 1).

SumbolÐzontac me NN ta dianÔsmata tou sunìlou N me �jroisma twn sunistws¸n touc Ðso proc N
kai jewr¸ntac ta �deia ginìmena na eÐnai Ðsa proc 1, paÐrnoume to parak�tw apotèlesma gia th st�simh
katanom  aut c thc diadikasÐac.

Je¸rhma 3.43. H st�simh katanom  miac adiaq¸risthc kleist c diadikasÐac diakin sewn N
pelat¸n eÐnai

π(n) = BN

c∏
i=1

{
αni

i∏ni
r=1 φi(r)

}
, gia n ∈ NN ,

ìpou BN eÐnai mia kat�llhlh stajer� gia thn kanonikopoÐhsh twn sunistws¸n thc π.

Sth sunèqeia, ja exet�soume th genik  perÐptwsh, sthn opoÐa oi pel�tec mporoÔn na mpaÐnoun kai
na bgaÐnoun apì to sunolikì dÐktuo our¸n. 'Opwc kai sthn prohgoÔmenh perÐptwsh thc kleist c
diadikasÐac diakin sewn, qrei�zetai na doÔme pr¸ta ti gÐnetai me mia bohjhtik  diadikasÐa, sthn o-
poÐa summetèqei mìnon ènac pel�thc. T¸ra, dÐpla stouc c stajmoÔc exuphrèthshc, prosjètoume ènan
akìmh, pou ton sumbolÐzoume me ∞, opìte paÐrnoume mia kleist  diadikasÐa diakin sewn sto sÔnolo
stajm¸n S ∪ {∞}. Sth diadikasÐa aut , o monadikìc pel�thc, met� apì to stajmì i, kateujÔnetai
sto stajmì j (6= i) me rujmì: 

λ ij , an 1 ≤ i, j ≤ c,
µi, an j = ∞,
νj , an i = ∞.

Upojètontac ìti h bohjhtik  aut  diadikasÐa eÐnai adiaq¸risth, èstw J o gennhtìrac thc kai β =
(β1, β2, . . . , βc, β∞) h monadik  st�simh katanom  thc, pou ikanopoieÐ th sqèsh βJ = 0, dhlad , tic
exis¸seic:
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β∞νi +
∑
j∈S

βjλ ji = βi

(
µi +

∑
j∈S

λ ij

)
, gia i ∈ S.

ParathroÔme ìti βi > 0, gia i ∈ S ∪ {∞}. Jètontac αi = βi/β∞, paÐrnoume èna di�nusma α = (αi :
i ∈ S) tètoio ¸ste αi > 0, gia i ∈ S, kai

νi +
∑
j∈S

αjλ ji = αi

(
µi +

∑
j∈S

λ ij

)
, gia i ∈ S.

'Estw

Di =
∞∑

n=0

αn
i

n∏
r=1

φj(r)

.

Je¸rhma 3.44. An h parap�nw bohjhtik  diadikasÐa eÐnai adiaq¸risth kai Di < ∞, gia k�je
i ∈ S, tìte h st�simh katanom  thc arqik c anoikt c diadikasÐac diakin sewn eÐnai

π(n) =
c∏

i=1

πi(ni), gia n ∈ N ,

ìpou

πi(ni) = D−1
i

αni
i

ni∏
r=1

φi(r)

.
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4. Eisagwg  sth Di�qush

4.1. St�simec DiadikasÐec

Orismìc 4.36. 'Estw X = {X(t)}t∈T mia stoqastik  diadikasÐa suneqoÔc qrìnou (me T = [0,∞)
  T = R), h opoÐa paÐrnei timèc sto R.

(i) H X onom�zetai isqur¸c st�simh, an, gia k�je t1, t2, . . . , tn ∈ T kai h > 0, oi duo oikogèneiec
tuqaÐwn metablht¸n

{X(t1), X(t2), . . . , X(tn)} kai {X(t1 + h), X(t2 + h), . . . , X(tn + h)}

èqoun thn Ðdia koin  sun�rthsh katanom c.

(ii) H X onom�zetai asjen¸c st�simh, an, gia k�je t1, t2 ∈ T kai h > 0,

E(X(t1)) = E(X(t2)) kai cov(X(t1), X(t2)) = cov(X(t1 + h), X(t2 + h)).

Profan¸c, mia stoqastik  diadikasÐa eÐnai isqur¸c st�simh an kai mìnon an èqei thn Ðdia katanom 
gia k�je qrìno. Se ì,ti akoloujeÐ, mac endiafèrei kurÐwc h asjen c stasimìthta kai ja asqolhjoÔme
mìno me tètoiec stoqastikèc diadikasÐec. P�ntwc, genik¸c, k�je isqur¸c st�simh diadikasÐa den eÐnai
kai asjen¸c st�simh, oÔte kai to antÐjeto isqÔei p�nta.

Orismìc 4.37. 'Estw h stoqastik  diadikasÐa X = {X(t)}t∈T .

• H sun�rthsh thc autosundiaspor�c c : T × T → R thc X orÐzetai wc

c(s, s + t) = cov(X(s), X(s + t)), gia ìla ta s, t ∈ T.

• H sun�rthsh autosusqètishc ρ : T × T → R thc X orÐzetai wc

ρ(s, s + t) =
cov(X(s), X(s + t))√
var(X(s)) var(X(s + t)

, gia ìla ta s, t ∈ T.

Parat rhsh 4.9. Ac parathr soume ìti h X eÐnai asjen¸c st�simh an kai mìnon an h mèsh tim 
thc diathreÐtai stajer  sto qrìno kai h sun�rthsh thc autosundiaspor�c thc eÐnai

c(s, s + t) = c(0, t) = cov(X(0), X(t)), gia ìla ta s, t ∈ T.

Epeid  tìte h c(s, s+t) eÐnai anex�rthth tou s, h sun�rthsh autosundiaspor�c miac asjen¸c st�simhc
stoqastik c diadikasÐac gr�fetai se suntomÐa wc

c(t) = c(s, s + t), gia k�je s ∈ T,

kai h sun�rthsh autosusqètishc wc

ρ(t) = ρ(s, s + t), gia k�je s ∈ T.

'Etsi, èqoume gia th metablhtìthta miac asjen¸c st�simhc diadikasÐac X

var(X(t)) = cov(X(t), X(t)) = c(0)

kai gia th sun�rthsh autosusqètishc thc X

ρ(t) =
c(t)
c(0)

,

efìson c(0) = var(X(t)) > 0.

43



Prìtash 4.20. An h stoqastik  diadikasÐa {X(t)}t∈R eÐnai asjen¸c st�simh, tìte

(i) c(−t) = c(t), gia k�je t ∈ R, kai

(ii) h c eÐnai mia mh arnhtik� orismènh sun�rthsh, me thn ènnoia ìti gia k�je t1, t2, . . . tn ∈ R kai
α1, α2, . . . αn ∈ R,

n∑
j,k=1

αjαkc(tj − tk) ≥ 0.

Orismìc 4.38. 'Estw h stoqastik  diadikasÐa suneqoÔc qrìnou X = {X(t)}t∈T me T = [0,∞)
  T = R, h opoÐa paÐrnei timèc sto R. H X onom�zetai diadikasÐa Gauss, an, gia k�je
t1, t2, . . . , tn ∈ T , to di�nusma (X(t1), X(t2), . . . , X(tn)) akoloujeÐ thn polumetablht  kanonik 
katanom  N(µ(t), V (t)), gia k�poio di�nusma mèswn tim¸n µ(t) kai k�poio pÐnaka sundiaspor�c V (t),
pou exart¸ntai apì to t = (t1, t2, . . . , tn).

Prìtash 4.21. 'Estw h stoqastik  diadikasÐa Gauss X = {X(t)}t∈T , ìpou T = [0,∞)   T = R.
Tìte ta parak�tw eÐnai isodÔnama:

(i) H X eÐnai isqur¸c st�simh.

(ii) H X eÐnai asjen¸c st�simh.

(iii) H E(X(t)) eÐnai stajer , gia k�je t ∈ T , kai o pÐnakac sundiaspor�c V (t) eÐnai tètoioc ¸ste
V (t) = V (t + h), gia k�je t = (t1, t2, . . . , tn) ∈ Tn kai h > 0, ìpou t + h = (t1 + h, t2 +
h, . . . , tn + h).

'Ena endiafèron er¸thma eÐnai an mia stoqastik  diadikasÐa Gauss eÐnai kai diadikasÐa Markov. Gia
na apanthjeÐ to er¸thma autì, qrei�zetai na orisjeÐ pr¸ta h diadikasÐa Markov suneqoÔc qrìnou me
timèc ston R. Autì gÐnetai ston orismì pou akoloujeÐ.

Orismìc 4.39. Mia stoqastik  diadikasÐa suneqoÔc qrìnou {X(t)}t∈T , ìpou T = [0,∞)   T =
R, sto sÔnolo katast�sewn R, lègetai ìti eÐnai mia stoqastik  diadikasÐa Markov, an, gia k�je
akoloujÐa qrìnwn t1, t2, . . . , tn ∈ T me t1 < t2 < . . . < tn kai gia k�je x, x1, x2, . . . , xn−1 ∈ R, isqÔei
h parak�tw idiìthta Markov:

P (Xtn ≤ x |Xtn−1 = xn−1, Xtn−2 = xn−2, . . . , Xt1 = x1) = P (Xtn ≤ x |Xtn−1 = xn−1).

Je¸rhma 4.45. H h stoqastik  diadikasÐa Gauss X = {X(t)}t∈T , ìpou T = [0,∞)   T = R, eÐnai
mia stoqastik  diadikasÐa Markov an kai mìnon an, gia k�je akoloujÐa qrìnwn t1, t2, . . . , tn ∈ T me
t1 < t2 < . . . < tn kai gia k�je x, x1, x2, . . . , xn−1 ∈ R, isqÔei h parak�tw sqèsh

E(Xtn |Xtn−1 = xn−1, Xtn−2 = xn−2, . . . , Xt1 = x1) = E(Xtn |Xtn−1 = xn−1).

4.2. DiadikasÐec Wiener kai Di�qush

Se poll� fainìmena, ta opoÐa exelÐssontai qwro-qronik�   apl¸c qronik�, all� exart¸ntai apì mia
plhj¸ra paragìntwn, mporeÐ na diapistwjeÐ mia endiafèrousa antÐjesh anaforik� me thn “kÐnhsh”
twn sustatik¸n stoiqeÐwn twn susthm�twn aut¸n. Sun jwc, se èna fusikì fainìmeno, aut� ta
sustatik� stoiqeÐa den eÐnai par� ta mikroskopik� swmatideÐa, pou sugkrotoÔn thn Ôlh, pou emplèke-
tai sto fainìmeno. Parìti, genik¸c, se fusik� kai mh fusik� sust mata, h ènnoia twn sustatik¸n
touc stoiqeÐwn mporeÐ na poikÐlei, q�rin aplìthtac, ac jewr soume ìti aut� eÐnai k�poia “swmatÐdeia.”

44



Tìte, h suqn� parathroÔmenh antÐjesh aut  eÐnai h ex c: en¸ sto mikroskopikì epÐpedo oi troqièc
twn swmatideÐwn eÐnai tuqaÐec kai �taktec, ta morf¸mata, pou parathroÔntai makroskopik� gia thn
puknìthta tou sunìlou twn swmatideÐwn, èqoun mia polÔ omal  sumperifor� stic qwro-qronikèc
touc metabolèc. Gia par�deigma, aut  h diapÐstwsh parathreÐtai sta fainìmena di�qushc enìc mèsou
mèsa se èna �llo mèso.

Epiplèon, pèra apì ta diaqeìmena swmatÐdeia, k�poio an�logo pèrasma apì to tuqaÐo sto kanonikì
parathreÐtai se di�fora sust mata me jìrubo, ìpwc, gia par�deigma, sthn perÐptwsh twn qronik¸n
diakum�nsewn twn tim¸n twn metoq¸n sto qrhmatist rio. An o jìruboc se èna tètoio sÔsthma
proèrqetai apì èna pl joc anex�rthtwn tuqaÐwn metabol¸n, tìte to Kentrikì Oriakì Je¸rhma
problèpei ìti h genik  sunistamènh ìlwn aut¸n twn metabol¸n ja akoloujeÐ thn kanonik  katanom .

Epomènwc, eÐnai shmantikì na katano soume aut n th qarakthristik  idiìthta twn fainomènwn thc
di�qushc   twn susthm�twn me jìrubo, mia idiìthta pou suqn� melet�tai mèsw thc “kÐnhshc Brown,”
pou akoloujoÔn ta “swmatÐdeia,” pou sugkrotoÔn aut� ta sust mata. Me �lla lìgia, san kÐnhsh
Brown perigr�fetai to parathroÔmeno pèrasma apì mia �takth (eswterik ) stoqastikìthta sthn
kÐnhsh twn sustatik¸n swmatideÐwn tou sust matoc se k�poia omal  an�ptuxh (exwterik¸n) mor-
fwm�twn gia touc sunolikoÔc sqhmatismoÔc tou sust matoc. Sto plaÐsio thc jewrÐac twn sto-
qastik¸n diadikasi¸n, h montelopoÐhsh thc kÐnhshc Brown gÐnetai me tic onomazìmenec diadikasÐec
Wiener, pou orÐzontai wc ex c:

Orismìc 4.40. Mia stoqastik  diadikasÐa suneqoÔc qrìnou W = {W (t)}t≥0, pou paÐrnei timèc sto
R, onom�zetai diadikasÐa Wiener (  merikèc forèc kai kÐnhsh Brown), an h W xekin� me W (0) = w,
σ.σ., kai eÐnai tètoia ¸ste:

(i) Ta deigmatik� monop�tia (sample paths) t 7→ W (t)(ω) eÐnai suneq , σ.σ., gia ω ∈ Ω.

(ii) H W èqei anex�rthtec apeirostèc aux seic (independent increments), me thn ènnoia ìti, gia k�je
0 ≤ s1 ≤ t1 < s2 ≤ t2 < . . . < sn ≤ tn, oi tuqaÐec metablhtèc {W (tj)−W (sj) : j = 1, 2, . . . , n}
eÐnai anex�rthtec.

(iii) Gia k�je 0 ≤ s < t, h tuqaÐa metablht  W (t) − W (s) akoloujeÐ thn kanonik  katanom 
N(0, σ2(t− s)), gia k�poia stajer� σ2 > 0.

Parat rhsh 4.10. MporoÔn na apodeiqjoÔn ta parak�tw, gia th diadikasÐa Wiener W =
{W (t)}t≥0:

• H mèsh tim  thc W (t) eÐnai E(W (t)) = 0, gia k�je t ≥ 0.

• H sun�rthsh thc autosundiaspor�c thc W (t) eÐnai c(s, t) = cov(W (s),W (t)) = σ2 min{t, s},
gia k�je t, s ≥ 0.

• 'Ara, h diaspor� thc W (t) eÐnai var(W (t)) = cov(W (t),W (t)) = σ2t, gia k�je t ≥ 0.

• Gia k�je t ≥ 0, h W (t) akoloujeÐ thn kanonik  katanom  N(0, σ2t), dhlad , èqei sun�rthsh
puknìthtac:

fW (t)(x) =
1√

2πtσ
exp

[
− x2

2σ2t

]
, gia −∞ < x < ∞.

• Epomènwc, k�je diadikasÐa Wiener W eÐnai diadikasÐa Gauss, me thn ènnoia ìti, gia k�-
je t1, t2, . . . , tn ≥ 0, to di�nusma (W (t1),W (t2), . . . ,W (tn)) akoloujeÐ thn polumetablht 
kanonik  katanom  N(µ(t), V (t)) me di�nusma mèswn tim¸n µ(t) = 0 kai pÐnaka sundiaspor�c
Vij(t) = σ2 min{ti, tj}, gia t = (t1, t2, . . . , tn).
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Orismìc 4.41. Mia diadikasÐa Wiener onom�zetai tupopoihmènh (standard), an σ2 = 1 kai W (0) =
0.

Profan¸c, an h W eÐnai mh tupopoihmènh, tìte h W1(t) = (W (t) − W (0))/σ eÐnai tupopoihmènh.
Epiplèon, sÔmfwna me èna prohgoÔmeno apotèlesma, k�je diadikasÐa Wiener eÐnai kai diadikasÐa
Markov.

Je¸rhma 4.46. K�je diadikasÐa Wiener W (t) eÐnai mia mh diaforÐsimh sun�rthsh tou t, σ.σ., gia
t ≥ 0.

Je¸rhma 4.47. 'Estw h tupopoihmènh diadikasÐa Wiener W (t) kai èstw f(t, y | s, x) h sun�rthsh
upo sunj khc puknìthtac thc W (t), ìtan W (s) = x kai t ≥ s ≥ 0. Tìte:

f(t, y | s, x) =
1√

2π(t− s)
exp

(
−(y − x)2

2(t− s)

)
, gia −∞ < y < ∞.

Epiplèon, h f = f(t, y | s, x) ikanopoieÐ tic diaforikèc exis¸seic me merikèc parag ģouc:

∂f

∂t
=

1
2

∂2f

∂y2
, h proc ta emprìc exÐswsh thc di�qushc,

∂f

∂s
= − 1

2
∂2f

∂x2
, h proc ta pÐsw exÐswsh thc di�qushc.

Orismìc 4.42. Mia diadikasÐa di�qushc D = D(t) eÐnai mia diadikasÐa Wiener, gia thn opoÐan,
epiplèon, up�rqoun duo sunart seic, h a(t, x), pou onom�zetai stigmiaÐa mèsh tim  thc D, kai h
b(t, x), pou onom�zetai stigmiaÐa metablhtìthta thc D, tètoiec ¸ste:

E(D(t + h)−D(t) |D(t) = x) = a(t, x)h + o(h),
E([D(t + h)−D(t)]2 |D(t) = x) = b(t, x)h + o(h).

Je¸rhma 4.48. 'Estw h diadikasÐa di�qushc D(t) kai èstw f(t, y | s, x) h sun�rthsh upo sunj khc
puknìthtac thc D(t), ìtan D(s) = x kai t ≥ s ≥ 0. An isqÔoun k�poiec akìmh teqnikèc sunj kec
(deÐte Feller [6], sel. 332-335), tìte:

f(t, y | s, x) =
∂

∂y
P (D(t) ≤ y |D(s) = x).

Epiplèon, h f = f(t, y | s, x) ikanopoieÐ tic diaforikèc exis¸seic me merikèc parag ģouc:

∂f

∂t
= − ∂

∂y
[a(t, y)f ] +

1
2

∂2

∂y2
[b(t, y)f ], h proc ta emprìc exÐswsh thc genik c di�qushc,

∂f

∂s
= − a(s, x)

∂f

∂x
− 1

2
b(s, x)

∂2f

∂x2
, h proc ta pÐsw exÐswsh thc genik c di�qushc.
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5. PARARTHMA: Anaskìphsh JewrÐac Pijanot twn

5.1. Pijanìthtec

'Estw Ω èna mh kenì sÔnolo. To sÔnolo Ω ja onom�zetai deigmatoq¸roc kai opoiod pote uposÔnolì
tou A ⊂ Ω ja onom�zetai gegonìc. Eidikìtera, to ∅ onom�zetai apÐjano gegonìc kai ìlo to Ω
onom�zetai bèbaio gegonìc.

Orismìc 5.43. Mia (mh ken ) sullog  F gegonìtwn (uposunìlwn tou Ω) lègetai ìti apoteleÐ èna
σ-pedÐo ( , alli¸c, mia σ-�lgebra) sto Ω, an ikanopoieÐ tic parak�tw idiìthtec:

• Ω ∈ F .

• An A ∈ F , tìte kai Ac ∈ F , ìpou Ac sumbolÐzei to sumpl rwma tou A, dhlad , Ac = {s ∈ Ω:
s 6∈ A}.

• An A1, A2, . . . ∈ F , tìte kai ∪∞k=1Ak ∈ F .

Profan¸c, apì tic duo pr¸tec sqèseic èpetai ìti kai ∅ ∈ F . Epiplèon, apì touc nìmouc tou De
Morgan, pèra apì tic en¸seic, h trÐth sqèsh isqÔei kai gia tic tomèc. Akìmh, ac prosjèsoume ìti ta
A ∈ F suqn� onom�zontai metr sima gegonìta.

MporeÐ na apodeiqjeÐ (deÐte Cohn [3], sel. 3) ìti, dojèntoc opoioud pote sunìlou Ω kai opoiasd pote
sullog c G uposunìlwn tou Ω, up�rqei p�nta èna mikrìtero σ-pedÐo F = F(G), pou perièqei th
sullog  G. 'Etsi, sthn eidik  perÐptwsh pou Ω = Rd ( , genikìtera, ìtan o deigmatoq¸roc Ω eÐnai
ènac topologikìc q¸roc), tìte up�rqei to σ-pedÐo, pou par�getai apì th sullog  twn anoikt¸n
uposunìlwn tou Rd, to opoÐo sumbolÐzetai me B(Rd) kai onom�zetai σ-pedÐo Borel. Epiplèon, ta
uposÔnola tou Rd, pou an koun sto σ-pedÐo Borel, onom�zontai sÔnola Borel.

Orismìc 5.44. Mia sun�rthsh µ: F → [0, 1] onom�zetai mètro pijanìthtac sto Ω kai lème ìti h
tri�da (Ω,F , µ) apoteleÐ èna q¸ro pijanìthtac, an h µ ikanopoieÐ tic ex c sqèseic:

(i) µ(∅) = 0.

(ii) µ(Ac) = 1− µ(A), gia k�je A ∈ F .

(iii) An A,B ∈ F eÐnai xèna gegonìta (dhlad , A ∩ B = ∅), tìte kai µ(A ∪ B) = µ(A) + µ(B).
Kai genikìtera, an A1, A2, . . . ∈ F eÐnai an� duo xèna gegonìta (dhlad , Ai ∩Aj = ∅, gia k�je
i 6= j), tìte µ(

⋃∞
k=1 Ak) =

∑∞
k=1 Ak.

Parathr ste pwc mazÐ oi (i) kai (ii) sunep�gontai ìti µ(Ω) = 1. Me �lla lìgia, ìtan (Ω,F , µ) eÐnai
ènac q¸roc pijanìthtac, orÐzetai h pijanìthta µ(A) ∈ [0, 1], gia k�je gegonìc A ∈ F , ètsi ¸ste na
ikanopoioÔntai oi parap�nw sqèseic. Suqn�, antÐ gia µ(A), ja sumbolÐzoume me P (A) thn pijanìthta
tou gegonìtoc A ∈ F .

Orismìc 5.45. 'Estw o q¸roc pijanìthtac (Ω,F , P ) kai A ∈ F . Lème ìti to gegonìc A sumbaÐnei
“sqedìn sÐgoura ” (“almost sure ”) kai sumbolÐzoume ton qarakthrismì autì me “σ.σ. ” (“a.s. ”), an
isqÔei P (A) = 1.

Par�deigma 5.9. 'Ena pr¸to kai aploÔstato par�deigma pijanìthtac mporeÐ na dojeÐ gia thn
perÐptwsh enìc diakritoÔ q¸rou pijanìthtac. Aut  eÐnai h perÐptwsh, pou o deigmatoq¸roc Ω eÐ-
nai arijm simoc (eÐte peperasmènoc   arijm sima �peiroc), opìte h sullog  ìlwn twn uposunìlwn
tou Ω sqhmatÐzei èna σ-pedÐo F . Tìte, gia k�je gegonìc A ⊂ Ω, orÐzetai h pijanìthta
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P (A) =
∑
ω∈A

p(ω),

ìpou h sun�rthsh p : Ω → R eÐnai tètoia ¸ste p(ω) ≥ 0, gia k�je ω ∈ Ω, kai
∑

ω∈Ω p(ω) = 1.

Par�deigma 5.10. 'Ena deÔtero par�deigma pijanìthtac mporeÐ na dojeÐ gia thn perÐptwsh pou
Ω = R. Jewr¸ntac tìte to σ-pedÐo B(R) twn sunìlwn Borel ston R, mporeÐ na apodeiqjeÐ (deÐte
Cohn [3], sel. 14-24) ìti up�rqei èna monadikì mètro pijanìthtac λ orismèno sto B(R), pou onom�zetai
mètro Lebesgue, to opoÐo eÐnai tètoio ¸ste λ((a, b]) = b− a, gia k�je a < b.

Orismìc 5.46. 'Estw A,B duo metr sima gegonìta (dhlad , A,B ∈ F) kai P (B) > 0. MporoÔme
na orÐsoume thn upì sunj kh pijanìthta tou A dojèntoc tou B, pou th sumbolÐzoume me P (A|B), wc
ex c:

P (A|B) =
P (A ∩B)

P (B)
.

Prìtash 5.22. (O TÔpoc thc Olik c Pijanìthtac.) Gia k�je duo gegonìta A,B ∈ F me
0 < P (B) < 1,

P (A) = P (A|B)P (B) + P (A|Bc)P (Bc).

Genikìtera, an èqoume èna diamerismì tou Ω sta an� duo xèna sÔnola B1, B2, . . . , Bn ∈ F tètoia ¸ste
P (Bi) > 0, gia k�je i = 1, 2, . . . , n, tìte

P (A) =
n∑

i=1

P (A|Bi)P (Bi).

Orismìc 5.47. Duo metr sima gegonìta A,B lègetai ìti eÐnai anex�rthta, an P (A ∩ B) =
P (A)P (B). Genikìtera, mia peperasmènh sullog  metrhsÐmwn gegonìtwn A1, . . . ,Ak lègetai ìti
apoteleÐtai apì anex�rthta gegonìta, an, gia k�je m ≤ k kai k�je i1, . . . , im ∈ {1, . . . , k} me
i1 < i2 < . . . < im, èqoume

P (Ai1 ∩Ai2 ∩ . . . ∩Aim) =
m∏

n=1

P (Ain).

Akìmh pio genik¸c, mia (arijm sima) �peirh sullog  metr simwn gegonìtwn lègetai ìti apoteleÐtai
apì anex�rthta gegonìta, an ta gegonìta k�je peperasmènhc uposullog c thc eÐnai anex�rthta.

5.2. TuqaÐec Metablhtèc

Orismìc 5.48. 'Estw o q¸roc pijanìthtac (Ω,F , P ). Mia sun�rthsh X : Ω → R onom�zetai
tuqaÐa metablht , an, gia k�je B ⊂ R, pou eÐnai sÔnolo Borel (dhlad , B ∈ B(R)), èqoume

X−1(B) = {ω ∈ Ω: X(ω) ∈ B} ∈ F .

Epomènwc, ìtan h sun�rthsh X: Ω → R eÐnai mia tuqaÐa metablht , tìte epeid , gia k�je a ∈ R, to
gegonìc {X ≤ a} = {ω ∈ Ω : X(ω) ≤ a} eÐnai èna sÔnolo Borel, mporeÐ na orisjeÐ gia to {X ≤ a}
to mètro pijanìthtac tou q¸rou autoÔ, dhlad , {X ≤ a} ∈ F .
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Par�deigma 5.11. Dojèntoc tou metr simou gegonìtoc A sto deigmatoq¸ro Ω, h qarakthristik 
(  deÐktria) sun�rthsh IA tou A eÐnai mia tuqaÐa metablht  IA : Ω → R, pou orÐzetai wc ex c:

IA(ω) =
{

1, ìtan ω ∈ A,
0, ìtan ω 6∈ A.

Orismìc 5.49. K�je tuqaÐa metablht  X: Ω → R dhmiourgeÐ èna mètro pijanìthtac µ = µX sto
R, to opoÐo onom�zetai katanom  thc tuqaÐac metablht c X (sto R) kai orÐzetai wc

µX(A) = P (X ∈ A),

gia k�je A sÔnolo Borel (dhlad , A ∈ B(R)), ìpou (p�li) {X ∈ A} = {ω ∈ Ω: X(ω) ∈ A}.

Sun jwc, h katanom  thc tuqaÐac metablht c X : Ω → R perigr�fetai mèsw thc onomazìmenhc
sun�rthshc katanom c F = FX thc X (sto R), h opoÐa eÐnai h sun�rthsh FX : R → [0, 1], pou
orÐzetai wc

FX(x) = P (X ≤ x) = µX((−∞, x]), gia k�je x ∈ R.

Prìtash 5.23. H sun�rthsh katanom c F èqei tic ex c idiìthtec:

• limx→−∞ F (x) = 0, limx→+∞ F (x) = 1,

• gia k�je x < y, F (x) ≤ F (y),

• h F eÐnai suneq c apì dexi�, dhlad , F (x + h) → F (x), kaj¸c h ↓ 0.

Epiplèon, gia k�je x, y ∈ R, h sun�rthsh katanom c F ikanopoieÐ tic ex c sqèseic:

• P (X > x) = 1− F (x),

• P (x < X ≤ y) = F (y)− F (x),

• P (X = x) = F (x)− limy↑x F (y).

5.3. Diakritèc TuqaÐec Metablhtèc

Orismìc 5.50. H sun�rthsh X : Ω → R sto q¸ro pijanìthtac (Ω,F , P ) onom�zetai di-
akrit  tuqaÐa metablht , ìtan to X(Ω) eÐnai èna arijm simo sÔnolo pragmatik¸n arijm¸n,
X(Ω) = {xi}i=1,2,..., tètoio ¸ste, gia k�je i = 1, 2, . . . , na èqoume {X = xi} ∈ F (ìpou p�li
{X = xi} = {ω ∈ Ω: X(ω) = xi}).

'Ara, ìtan o deigmatoq¸roc Ω eÐnai arijm simoc, h tuqaÐa metablht  X: Ω → R eÐnai diakrit .

Par�deigma 5.12. Dojèntoc tou metr simou gegonìtoc A sto deigmatoq¸ro Ω, h qarakthristik 
sun�rthsh IA eÐnai mia diakrit  tuqaÐa metablht .

Orismìc 5.51. 'Estw h diakrit  tuqaÐa metablht  X: Ω → R, h opoÐa paÐrnei timèc sto arijm simo
sÔnolo pragmatik¸n arijm¸n X(Ω) = {xi}i=1,2,... (ìpou upojètoume pwc ta xi eÐnai diakritoÐ arijmoÐ).
Tìte h sun�rthsh f = fX : R → [0, 1], pou orÐzetai wc fX(x) = P (X = x), onom�zetai sun�rthsh
m�zac thc diakrit c tuqaÐac metablht c X.
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'Etsi, gia k�je sÔnolo Borel A ⊂ R , èqoume

P (x ∈ A) =
∑
xi∈A

f(xi).

Oi sunart seic katanom c kai m�zac F, f miac diakrit c tuqaÐac metablht c X sundèontai mèsw twn
sqèsewn:

F (x) =
∑
xi≤x

f(xi), f(x) = F (x)− lim
y↑x

F (y).

Epomènwc, h katanom  µX thc diakrit c tuqaÐac metablht c X anaparÐstatai apì to di�nusma pi-
janìthtac (µi : i tètoio ¸ste xi ∈ X(Ω)), ìpou µi = f(xi) = P (X = xi), gia k�je i tètoio ¸ste
xi ∈ X(Ω). Profan¸c, µi > 0, gia k�je i = 1, 2, . . . , kai

∑
i: xi∈X(Ω) µi = 1.

Par�deigma 5.13. H katanom  Bernoulli : Sthn eidikìterh perÐptwsh thc prohgoumènhc, pou h
tuqaÐa metablht  X : Ω → R paÐrnei mìno duo timèc, ac poÔme, X(Ω) = {0, 1}, lème ìti èqoume mia
dokim  Bernoulli kai ìti h tuqaÐa metablht  X akoloujeÐ thn katanom  Bernoulli. Tìte, h sun�rthsh
katanom c F (x) = P (X ≤ x) kai h sun�rthsh m�zac f(x) = P (X = x) dÐnontai wc ex c:

F (x) =


0, ìtan x < 0,
1− p, ìtan 0 ≤ x < 1,
1, ìtan x ≥ 1,

f(0) = 1− p, f(1) = p,

ìpou p = P (X = 1) > 0 onom�zetai pijanìthta epituqÐac thc dokim c Bernoulli X (kai 1 − p =
P (X = 0)).

Par�deigma 5.14. H diwnumik  katanom  : 'Estw ìti èqoume n anex�rthtec dokimèc Bernoulli
X1, . . . , Xn, h k�je mia apì tic opoÐec èqei pijanìthta epituqÐac p > 0. Upojètoume ìti oi dokimèc
autèc eÐnai (metaxÔ touc) anex�rthtec me thn ènnoia ìti, gia k�je duo Xi, Xj , i, j = 1, . . . , n, i 6= j,
ta gegonìta {Xi = 0} (  {Xi = 1}) kai {Xj = 0} (  {Xj = 1}) eÐnai (antistoÐqwc) anex�rthta.
JewroÔme, tìte, thn tuqaÐa metablht  Y = X1 + . . . + Xn. Profan¸c, h Y eÐnai mia diakrit  tuqaÐa
metablht , pou paÐrnei timèc sto sÔnolo {0, 1, . . . , n}. Tìte lème ìti h tuqaÐa metablht  Y akoloujeÐ
th diwnumik  katanom  me paramètrouc n kai p, thn opoÐa sun jwc sumbolÐzoume wc bin(n, p). Me
ènan aplì upologismì, brÐskoume ìti h sun�rthsh m�zac thc Y eÐnai

f(k) =
(

n
k

)
p k(1− p)n−k, k = 0, 1, . . . , n.

Par�deigma 5.15. H katanom  Poisson : H diakrit  tuqaÐa metablht  X: Ω → R, pou paÐrnei timèc
sto sÔnolo twn mh arnhtik¸n akèraiwn arijm¸n X(Ω) = {0, 1, 2, . . .} kai èqei thn ex c sun�rthsh
m�zac

f(k) =
λk

k!
e−λ, k = 0, 1, 2, . . . ,

gia k�poio λ > 0, lègetai ìti akoloujeÐ thn katanom  Poisson me par�metro λ.

Orismìc 5.52. 'Estw h diakrit  tuqaÐa metablht  X: Ω → R sto q¸ro pijanìthtac (Ω,F , P ) kai
èstw (µk : k tètoio ¸ste xk ∈ X(Ω)) to di�nusma pijanìthtac thc X. H mèsh   anamenìmenh tim 
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E(X) thc diakrit c tuqaÐac metablht c X orÐzetai wc:

E(X) =
∑

k: xk∈X(Ω)

kµk =

=
∑
x∈R

xP (X = x),

efìson to parap�nw �jroisma sugklÐnei apolÔtwc.

Prìtash 5.24. 'Estw f(x) h sun�rthsh m�zac thc diakrit c tuqaÐac metablht c X kai èstw h
apeikìnish g : R → R. Tìte

E(g(X)) =
∑
x∈R

g(x)f(x),

efìson to parap�nw �jroisma sugklÐnei apolÔtwc.

Orismìc 5.53. 'Estw h diakrit  tuqaÐa metablht  X kai èstw o jetikìc akèraioc arijmìc k.

(i) H k-ost  rop  mk kai h k-ost  kentrik  rop  σk thc X orÐzontai antistoÐqwc wc:

mk = E(Xk) =
σk = E((X −m1)k).

(ii) H metablhtìthta var(X) thc X orÐzetai wc:

var(X) = σ2 = E((X − E(X))2) =
= E(X2)− (E(|X|))2.

Par�deigma 5.16. Gia thn katanom  Bernoulli, E(X) = p kai var(X) = p(1−p), gia th diwnumik 
katanom  bin(n, p), E(X) = np kai var(X) = np(1 − p), kai, gia thn katanom  Poisson, E(X) =
var(X) = λ.

5.4. SuneqeÐc TuqaÐec Metablhtèc

Orismìc 5.54. 'Estw h tuqaÐa metablht  X : Ω → R sto q¸ro pijanìthtac (Ω,F , P ). H X
onom�zetai suneq c tuqaÐa metablht , an h sun�rthsh katanom c F (x) = FX(x) = P (X ≤ x) eÐnai
mia apolÔtwc suneq c sun�rthsh, opìte h F mporeÐ na anaparastajeÐ wc

F (x) =

x∫
−∞

f(y) dy, x ∈ R,

gia mia oloklhr¸simh sun�rthsh f = fX : R → [0,∞), pou onom�zetai sun�rthsh puknìthtac thc
tuqaÐac metablht c X. Fusik�, an h F (x) eÐnai diaforÐsimh sto x, tìte f(x) = F ′(x).

'Etsi, gia k�je sÔnolo Borel A ⊂ R , èqoume

P (x ∈ A) =
∫

A
f(x) dx.
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Orismìc 5.55. 'Estw h suneq c tuqaÐa metablht  X: Ω → R sto q¸ro pijanìthtac (Ω,F , P ) kai
èstw f(x) h sun�rthsh puknìthtac thc X. H mèsh   anamenìmenh tim  E(X) thc suneqoÔc tuqaÐac
metablht c X orÐzetai wc:

E(X) =

∞∫
−∞

xf(x) dx,

efìson up�rqei to parap�nw olokl rwma.

Prìtash 5.25. 'Estw fX(x) h sun�rthsh puknìthtac thc suneqoÔc tuqaÐac metablht c X kai
èstw h apeikìnish g : R → R, pou eÐnai tètoia ¸ste h g(X) na eÐnai suneq c tuqaÐa metablht . Tìte

E(g(X)) =
∫ ∞

−∞
g(x)fX(x) dx,

efìson up�rqei to parap�nw olokl rwma.

Orismìc 5.56. 'Estw h suneq c tuqaÐa metablht  X kai èstw o jetikìc akèraioc arijmìc k.

(i) H k-ost  rop  mk kai h k-ost  kentrik  rop  σk thc X orÐzontai antistoÐqwc wc:

mk = E(Xk) =
σk = E((X −m1)k).

(ii) H metablhtìthta var(X) thc X orÐzetai wc:

var(X) = σ2 = E((X − E(X))2) =
= E(X2)− (E(|X|))2.

Par�deigma 5.17. H omoiìmorfh katanom  : Lème ìti mia suneq c tuqaÐa metablht  X eÐnai omoiì-
morfh sto di�sthma [a, b]   ìti katanèmetai omoiìrfa sto di�sthma autì, an h sun�rthsh katanom c
thc eÐnai h ex c:

F (x) =


0, gia x ≤ a,
x− a

b− a
, gia a < x ≤ b,

1, gia x > b.

Qontrik� mporoÔme na poÔme ìti h omoiìmorfh katanom  paÐrnei opoiad pote tim  metaxÔ a kai b me
thn Ðdia pijanìthta. Akìmh, gia thn omoiìmorfh katanom , f(x) = (b − a)−1, E(X) = (a + b)/2 kai
var(X) = (b− a)2/12.

Par�deigma 5.18. H ekjetik  katanom  : Lème ìti mia suneq c tuqaÐa metablht  X eÐnai ekjetik 
me par�metro λ (> 0)   ìti katanèmetai ekjetik� me thn par�metro aut , an h sun�rthsh katanom c
thc eÐnai h ex c:

F (x) = 1− eλx, gia x ≥ 0.

Gia thn ekjetik  katanom , f(x) = λ eλx, E(X) = 1/λ kai var(X) = 1/λ2.

Par�deigma 5.19. H kanonik  katanom  : Lème ìti mia suneq c tuqaÐa metablht  X eÐnai kanonik 
me par�metrouc µ kai σ2   ìti h X akoloujeÐ thn kanonik  katanom    katanom  tou Gauss me tic
paramètrouc autèc, an h sun�rthsh puknìtht�c thc eÐnai h ex c:

f(x) =
1√

2πσ2
exp

(
−(x− µ)2

2σ2

)
, gia −∞ < x < ∞.

Aut  h kanonik  katanom  sumbolÐzetai me N(µ, σ2) kai èqei E(X) = µ kai var(X) = σ2.
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5.5. Ex�rthsh TuqaÐwn Metablht¸n kai Upì Sunj kh Katanomèc

Orismìc 5.57. 'Estw o q¸roc pijanìthtac (Ω,F , P ) kai dÔo tuqaÐec metablhtèc X1, X2 : Ω → R.
Oi X1 kai X2 lègontai anex�rthtec, an, gia k�je duo sÔnola Borel B1, B2 ∈ B(R), ta gegonìta
{X1 ∈ B1} kai {X2 ∈ B2} eÐnai metaxÔ touc anex�rthta. Eidikìtera, autì shmaÐnei ìti, gia k�je duo
timèc x1, x2 ∈ R,

• ta gegonìta {X1 = x1} kai {X2 = x2} eÐnai anex�rthta, ìtan oi duo tuqaÐec metablhtèc eÐnai
diakritèc,

• ta gegonìta {X1 ≤ x1} kai {X2 ≤ x2} eÐnai anex�rthta, ìtan oi duo tuqaÐec metablhtèc eÐnai
suneqeÐc.

'Opwc kai sthn perÐptwsh thc anexarthsÐac twn gegonìtwn, o orismìc autìc mporeÐ amèswc na genikeu-
jeÐ gia opoiad pote arijm simh sullog  tuqaÐwn metablht¸n.

Up�rqei ki ènac èmmesoc trìpoc na melethjeÐ h anexarthsÐa duo tuqaÐwn metablht¸n ki autìc gÐnetai
mèsw thc koin c touc katanom c, ìpwc eis�getai sth sunèqeia.

Orismìc 5.58. Dojèntwn duo tuqaÐwn metablht¸n X kai Y sto q¸ro pijanìthtac (Ω,F , P ), h
sun�rthsh koin c katanom c touc FX,Y : R2 → [0, 1] orÐzetai wc:

FX,Y (x, y) = P (X ≤ x, Y ≤ y), gia x, y ∈ R.

Epiplèon, an oi X kai Y eÐnai diakritèc tuqaÐec metablhtèc, mporeÐ na orisjeÐ kai h sun�rthsh koin c
m�zac touc fX,Y : R2 → [0, 1] wc:

fX,Y (x, y) = P (X = x, Y = y), gia x, y ∈ R,

en¸, an oi X kai Y eÐnai suneqeÐc tuqaÐec metablhtèc, mporeÐ na orisjeÐ kai h sun�rthsh koin c
puknìtht�c touc fX,Y : R2 → [0,∞) wc mia oloklhr¸simh sun�rthsh tètoia ¸ste:

FX,Y (x, y) =
∫ y

v=−∞

∫ x

u=−∞
fX,Y (u, v) du dv, gia x, y ∈ R.

Profan¸c, an h FX,Y eÐnai arket� diaforÐsimh, tìte fX,Y (x, y) = ∂2

∂x∂y FX,Y (x, y).

Prìtash 5.26. Oi duo tuqaÐec metablhtèc X kai Y eÐnai anex�rthtec an kai mìnon an

fX,Y (x, y) = fX(x) fY (y),

ìpou fX(x), fY (y) eÐnai oi sunart seic m�zac twn X, Y (antistoÐqwc), ìtan oi metablhtèc autèc
eÐnai diakritèc,   oi sunart seic puknìthtac, ìtan eÐnai suneqeÐc (efìson, bèbaia, up�rqoun oi
fX,Y (x, y), fX(x), fY (y) sth suneq  perÐptwsh).

Par�deigma 5.20. H polumetablht  kanonik  katanom  : 'Estw X = (X1, X2, . . . , Xn) mia
peperasmènh akoloujÐa suneq¸n tuqaÐwn metablht¸n. Lème ìti h X akoloujeÐ thn polumetablht 
kanonik  katanom  N(µ, V ), an èqei koin  sun�rthsh puknìthtac

f(x) =
1√

(2π)n|V |
exp

[
−1

2
(x− µ)V −1(x− µ)T

]
, gia x ∈ Rn,

ìpou to di�nusma twn mèswn tim¸n µ = (µ1, µ2, . . . , µn) èqei stajerèc sunist¸sec kai o pÐnakac thc
sundiaspor�c V eÐnai ènac jetik� orismènoc summetrikìc pÐnakac n× n (me orÐzousa |V |).

Prìtash 5.27. 'Estw oi duo tuqaÐec metablhtèc X kai Y kai h apeikìnish g : R2 → R, h opoÐa
eÐnai tètoia ¸ste kai h g(X, Y ) na eÐnai tuqaÐa metablht . Tìte:
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• ìtan oi X kai Y eÐnai diakritèc tuqaÐec metablhtèc me sun�rthsh koin c m�zac fX,Y ,

E(g(X, Y )) =
∑

x,y∈R
g(x, y) fX,Y (x, y),

efìson to parap�nw �jroisma suklÐnei apolÔtwc, kai

• ìtan oi X kai Y eÐnai suneqeÐc tuqaÐec metablhtèc me sun�rthsh koin c puknìthtac fX,Y ,

E(g(X, Y )) =
∫ ∞

−∞

∫ ∞

−∞
g(x, y) fX,Y (x, y) dx dy,

efìson up�rqei to parap�nw olokl rwma.

Orismìc 5.59. 'Estw X, Y duo tuqaÐec metablhtèc me mèsec timèc E(X), E(Y ) kai metablhtìtec
var(X), var(Y ) (antistoÐqwc).

(i) H sundiaspor� (covariance) twn X kai Y , pou sumbolÐzetai me cov(X, Y ), orÐzetai wc:

cov(X, Y ) = E((X − E(X))(Y − E(Y ))) =
= E(XY )− E(X)E(Y ).

Profan¸c, cov(X, X) = var(X).

(ii) O suntelest c susqètishc ( , apl¸c, h susqètish) twn X kai Y , pou sumbolÐzetai me ρ(X, Y ),
orÐzetai wc:

ρ(X, Y ) =
cov(X, Y )√

var(X) var(Y )
,

efìson oi metablhtìtec twn duo tuqaÐwn metablht¸n den eÐnai mhdenikèc. Sthn perÐptwsh Y =
X, to ρ(X, X) onom�zetai suntelest c autosusqètishc thc X.

(iii) Oi tuqaÐec metablhtèc X kai Y onom�zontai asusqètistec, an cov(X, Y ) = 0 (  ρ(X, Y ) = 0).

Prìtash 5.28. An oi duo tuqaÐec metablhtèc X kai Y eÐnai anex�rthtec, tìte autèc eÐnai kai
asusqètistec. All� to antÐstrofo den isqÔei p�nta.

Orismìc 5.60. Dojèntwn duo tuqaÐwn metablht¸n X kai Y sto q¸ro pijanìthtac (Ω,F , P ), h
sun�rthsh upì sunj khc katanom c thc Y, ìtan X = x, FY |X : R2 → [0, 1], orÐzetai wc:

FY |X(y |x) = P (Y ≤ y |X = x), gia x, y ∈ R kai x tètoio ¸ste P (X = x) > 0.

Epiplèon, an oi X kai Y eÐnai diakritèc tuqaÐec metablhtèc, mporeÐ na orisjeÐ kai h sun�rthsh upì
sunj khc m�zac thc Y, ìtan X = x, fY |X : R2 → [0, 1], wc:

fY |X(y |x) = P (Y = y |X = x), gia x, y ∈ R kai x tètoio ¸ste P (X = x) > 0,

en¸, an oi X kai Y eÐnai suneqeÐc tuqaÐec metablhtèc, mporeÐ na orisjeÐ kai h sun�rthsh upì sunj khc
puknìtht�c thc Y, ìtan X = x, fX,Y : R2 → [0,∞), wc mia oloklhr¸simh sun�rthsh tètoia ¸ste:

FY |X(y |x) =
∫ y

v=−∞
fY |X(y |u) du, gia x, y ∈ R kai x tètoio ¸ste fX(x) > 0.

Epomènwc,
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fY |X(y |x) =
f(x, y)
fX(x)

, gia x, y ∈ R kai x tètoio ¸ste fX(x) > 0.

Je¸rhma 5.49. H upì sunj kh mèsh (  anamenìmenh) tim  thc Y, ìtan X = x, E(Y |X), eÐnai
mia tuqaÐa metablht  me mèsh (  anamenìmenh) tim 

E(E(Y |X)) = E(Y ).
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