
2. AlusÐdec Markov SuneqoÔc Qrìnou

2.1. Hmi-Om�dec Metab�sewn kai Genn torec

ArqÐzoume upenjumÐzontac ton orismì thc alusÐdac Markov suneqoÔc qrìnou sto q¸ro katast�sewn
S = {1, 2, . . .}, ìpou ennooÔme ìti S = {1, 2, . . . , |S|} kai |S| < ∞, ìtan to S eÐnai peperasmèno, kai
|S| = ∞, ìtan to S eÐnai (arijm sima) �peiro sÔnolo.

Orismìc 2.19. Mia stoqastik  diadikasÐa suneqoÔc qrìnou {X(t)}t≥ 0 sto q¸ro katast�sewn S
lègetai ìti eÐnai mia alusÐda Markov suneqoÔc qrìnou, an gia k�je akoloujÐa qrìnwn 0 ≤ t0 < t1 <
. . . < tn kai gia k�je i, i0, i1, . . . , in−1, j ∈ S, isqÔei h parak�tw idiìthta Markov:

P (Xtn = j |Xtn−1 = i,Xtn−2 = in−1, . . . , Xt0 = i0) = P (Xtn = j |Xtn−1 = i).

Sth sunèqeia, ja paraleÐpoume na anafèroume to qarakthrismì “suneqoÔc qrìnou” apì tic alusÐdec
Markov, giatÐ mìno tètoiec alusÐdec ja mac apasqol soun apì ed¸ kai pèra. Epiplèon, p�nta ja
jewroÔme ìti o q¸roc katast�sewn thc alusÐdac eÐnai to arijm simo sÔnolo S = {1, 2, . . .}.

Orismìc 2.20. DojeÐshc thc alusÐdac Markov {X(t)}t≥ 0, o pÐnakac P (s, t) me stoiqeÐa

Pij(s, t) = P (X(t) = j |X(s) = i), gia k�je i, j ∈ S kai k�je 0 ≤ s ≤ t,

onom�zetai pÐnakac pijanot twn metab�sewn kai ta stoiqeÐa tou onom�zontai pijanìthtec metab�sewn
metaxÔ twn katast�sewn thc alusÐdac. Profan¸c, ìtan o q¸roc katast�sewn S eÐnai peperasmènoc,
ac poÔme |S| = k, tìte o pÐnakac P eÐnai t�xhc k × k, en¸ diaforetik�, gia S arijm sima �peiro, h
t�xh tou pÐnaka P eÐnai �peirh.

H alusÐda Markov {X(t)}t≥ 0 onom�zetai omoiogen c, an, gia k�je i, j ∈ S kai k�je 0 ≤ s ≤ t,

Pij(s, t) = Pij(0, t− s).

Gr�foume:

Pij(t− s) = Pij(s, t)

dhlad , gr�foume gia ton pÐnaka pijanot twn metab�sewn

P (t) = P (0, t), gia k�je t ≥ 0.

Sth sunèqeia, ìtan ja anaferìmaste se mia alusÐda Markov, ja ennooÔme p�nta ìti prìkeitai gia mia
omoiogen  alusÐda.

Je¸rhma 2.14. H monoparametrik  oikogèneia pin�kwn pijanot twn metab�sewn P (t) = {Pij(t):
i, j ∈ S, t ≥ 0} apoteleÐ mia hmi-om�da stoqastik¸n pin�kwn me thn ènnoia ìti:

(i) P (0) = I, o tautotikìc pÐnakac,

(ii) gia k�je t ≥ 0, pÐnakac P (t) eÐnai stoqastikìc, dhlad , ta stoiqeÐa tou eÐnai mh arnhtik� kai ta
ajroÐsmata twn seir¸n tou eÐnai 1, kai

(iii) isqÔoun oi exis¸seic Chapman-Kolmogorov:

P (s + t) = P (s)P (t), gia k�je s, t ≥ 0.

'Etsi, h oikogèneia P (t) = {Pij(t): i, j ∈ S, t ≥ 0} onom�zetai hmi-om�da metab�sewn.
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Orismìc 2.21. Lème ìti h hmi-om�da metab�sewn P (t) = {Pij(t): i, j ∈ S, t ≥ 0} eÐnai suneq c
sthn arq , an

lim
h↓0

P (h) = P (0) = I,

ìpou h sÔgklish aut  isqÔei gia k�je stoiqeÐo twn pin�kwn twn pijanot twn metab�sewn, dhlad ,

lim
h↓0

Pij(h) = 0, gia k�je i, j ∈ S, i 6= j,

lim
h↓0

Pii(h) = 1, gia k�je i ∈ S.

Prìtash 2.9. An h hmi-om�da metab�sewn P (t) = {Pij(t): i, j ∈ S, t ≥ 0} eÐnai suneq c sthn
arq , tìte h hmi-om�da eÐnai suneq c se k�je qrìno t ≥ 0, dhlad ,

lim
h→0

P (t + h) = P (t), gia k�je t ≥ 0,

ìpou p�li h sÔgklish sto parap�nw ìrio isqÔei gia k�je stoiqeÐo twn pin�kwn twn pijanot twn
metab�sewn.

Orismìc 2.22. DojeÐshc thc hmi-om�dac metab�sewn P (t) = {Pij(t) : i, j ∈ S, t ≥ 0}, èstw o
pÐnakac (genik¸c |S| × |S|) G = {Gij : i, j ∈ S}, pou orÐzetai wc ex c:

(i) Gij = limh↓0
Pij(h)

h , gia k�je i, j ∈ S, i 6= j,

(ii) Gii = limh↓0
Pii(h)−1

h , gia k�je i ∈ S,

dhlad ,

G = lim
t↓0

P (t)− I

t
.

Tìte o pÐnakac G onom�zetai (apeirostìc) genn torac thc hmi-om�dac P (t).

Je¸rhma 2.15. An h hmi-om�da metab�sewn P (t) = {Pij(t): i, j ∈ S, t ≥ 0} eÐnai suneq c sthn
arq  (opìte kai gia k�je qrìno), tìte up�rqei o genn tor�c thc G = {Gij : i, j ∈ S} kai eÐnai tètoioc
¸ste, gia k�je i, j ∈ S, i 6= j,

• 0 ≤ Gij < ∞,

• 0 ≥ Gii ≥ −∞, ektìc an S peperasmèno, opìte 0 ≥ Gii > −∞.

Orismìc 2.23. 'Estw mia alusÐda Markov, thc opoÐac h hmi-om�da metab�sewn èqei genn tora G.
H alusÐda aut  lègetai sunthrhtik  (conservative), an

∑
j∈S Gij = 0, dhlad , an

G1 = 0,

ìpou me 1 sumbolÐzoume to di�nusma, tou opoÐou ìlec oi sunist¸sec eÐnai 1.

Parat rhsh 2.3. Genik¸c, èqoume
∑

j∈S Gij ≤ 0, ektìc an S peperasmèno, opìte h alusÐda eÐnai
sunthrhtik  (dhlad ,

∑
j∈S Gij = 0   G1 = 0).

Orismìc 2.24. Lème ìti h hmi-om�da metab�sewn P (t) = {Pij(t): i, j ∈ S, t ≥ 0} eÐnai omoiìmorfa
suneq c sthn arq , an

lim
h↓0

Pii(h) = 1, omoiìmorfa gia k�je i ∈ S.
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Profan¸c, an isqÔei o prohgoÔmenoc orismìc, tìte limh↓0 Pij(h) = 0, omoiìmorfa gia i, j ∈ S, i 6= j
(epeid  Pij(t) ≤ 1 − Pii(t), gia k�je t ≥ 0). Epiplèon, an h hmi-om�da metab�sewn eÐnai omoiìmorfa
suneq c sthn arq , tìte eÐnai kai suneq c sthn arq , en¸, genik¸c, to antÐstrofo isqÔei sthn
perÐptwsh pou o q¸roc katast�sewn eÐnai peperasmènoc.

Je¸rhma 2.16. (Oi Exis¸seic tou Kolmogorov.) An {P (t) : t ≥ 0} eÐnai mia omoiìmor-
fa suneq c hmi-om�da metab�sewn me genn tora G, tìte h P (t) eÐnai h monadik  lÔsh twn ex c
diaforik¸n exis¸sewn pin�kwn:

(i) thc proc ta emprìc exÐswshc tou Kolmogorov:

d

dt
P (t) = P (t)G, t > 0,

dhlad , san sÔsthma exis¸sewn (paraleÐpontac to ìrisma tou qrìnou),

d

dt
Pij(t) = Pij(t)Gjj +

∑
k∈S, k 6=j

Pik(t)Gkj , gia k�je i, j ∈ S kai k�je t > 0,

(ii) thc proc ta pÐsw exÐswshc tou Kolmogorov:

d

dt
P (t) = GP (t), t > 0,

dhlad , san sÔsthma exis¸sewn,

d

dt
Pij(t) = GiiPij(t) +

∑
k∈S, k 6=i

GikPkj(t), gia k�je i, j ∈ S kai k�je t > 0.

me thn arqik  sunj kh P (0) = I. Epiplèon, isqÔoun:

P (t) = etG, gia t ≥ 0, kai G1 = 0.

Ac parathr soume ìti, eidikìtera ìtan S peperasmèno, o ekjetikìc pÐnakac P = etG dÐnetai wc to
ex c an�ptugma dun�mewn tou pÐnaka G:

P (t) = etG =
∞∑

n=0

tn

n!
Gn, t ≥ 0.

To epìmeno apotèlesma dÐnei to qarakthrismì twn pin�kwn, pou mporoÔn na eÐnai genn torec omoiì-
morfa suneq¸n hmio-om�dwn.

Je¸rhma 2.17. 'Enac pÐnakac A = {Aij : i, j ∈ S}, tètoioc ¸ste supi∈S

∑
j∈S |Aij |, eÐnai o genn -

torac miac omoiìmorfa suneqoÔc hmi-om�dac metab�sewn P (t) an kai mìnon an

Aij ≥ 0, gia k�je i, j ∈ S, i 6= j, kai
∑
j∈S

Aij = 0, gia ìla ta i ∈ S.

Orismìc 2.25. DojeÐshc thc alusÐdac Markov {X(t)}t≥ 0 kai thc kat�stashc i ∈ S, ìtan X(s) = i
(se k�poio qrìno s ≥ 0), orÐzoume to qrìno st�shc (holding time) thc alusÐdac sthn kat�stash i
wc:

Ui = inf{t ≥ 0: X(s + t) 6= i}.
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Prìtash 2.10. 'Estw h hmi-om�da metab�sewn P (t), pou eÐnai suneq c sthn arq  kai èqei genn -
tora G. Tìte isqÔoun ta ex c:

• H P (t) eÐnai omoiìmorfa suneq c sthn arq  an kai mìnon an supi∈S Gii < ∞.

• H tuqaÐa metablht  Ui tou qrìnou st�shc sthn kat�stash i katanèmetai ekjetik� me par�metro
−Gii, gia k�je i ∈ S.

• Epiplèon, h pijanìthta h alusÐda na metaphd sei sthn kat�stash j, èqontac xekin sei apì thn
kat�stash i, eÐnai −Gij/Gii, gia k�je i, j ∈ S.

Orismìc 2.26. DojeÐshc thc hmi-om�dac metab�sewn P (t), pou eÐnai suneq c sthn arq  kai èqei
genn tora G, mia kat�stash i ∈ S onom�zetai:

• stigmiaÐa, an Gii = −∞,

• eustaj c, an 0 > Gii > −∞,

• aporrofhtik  (absorbing), Gii = 0.

Je¸rhma 2.18. 'Estw mia alusÐda Markov me suneq  sthn arq  hmi-om�da metab�sewn P (t) kai
antÐstoiqo genn tora G. An h alusÐda eÐnai sunthrhtik  (G1 = 0) kai ìlec oi katast�seic eÐnai
eustajeÐc (0 > Gii > −∞, gia k�je i ∈ S), tìte isqÔei h proc ta pÐsw exÐswsh tou Kolmogorov
( d

dtP (t) = GP (t)). An, epiplèon,
∑

k∈S GkkPik(t) > −∞, gia k�je i ∈ S kai t ≥ 0, tìte isqÔei kai h
proc ta emprìc exÐswsh tou Kolmogorov ( d

dtP (t) = P (t)G).

Prìtash 2.11. 'Estw h alusÐda Markov X(t) me di�nusma katanom c µ(t) = {µ(t)
i = P (X(t) = i) :

i ∈ S}, gia t ≥ 0, me suneq  sthn arq  hmi-om�da metab�sewn P (t) kai antÐstoiqo genn tora G. An
h alusÐda eÐnai sunthrhtik  (G1 = 0), ìlec oi katast�seic eÐnai eustajeÐc (0 > Gii > −∞, gia k�je

i ∈ S), kai
∑

i∈S Giiµ
(t)
i > −∞, gia k�je t ≥ 0, tìte isqÔei h ex c olik  exÐswsh tou Kolmogorov:

d

dt
µ

(t)
i = Giiµ

(t)
i +

∑
k∈S, k 6=i

Gkiµ
(t)
k , t > 0.

2.2. Taxinìmhsh Katast�sewn

Je¸rhma 2.19. 'Estw h hmi-om�da metab�sewn P (t), pou eÐnai suneq c sthn arq  kai èqei gen-
n tora G. Tìte isqÔoun ta ex c:

(i) Gia k�je i ∈ S, Pii(t) > 0, gia k�je t ≥ 0.

(ii) DiqotomÐa tou Levy: gia k�je i ∈ S, i 6= j, eÐte Pij(t) = 0, gia k�je t > 0,   Pij(t) > 0, gia k�je
t > 0.

Orismìc 2.27. Mia hmi-om�da metab�sewn P (t), pou eÐnai suneq c sthn arq  kai èqei genn tora
G, onom�zetai adiaq¸risth (  mh diaqwrÐsimh   mh anag ģimh) (irreducible), an, gia k�je i, j ∈ S,
Pij(t) > 0, gia k�poio kai, �ra, kai gia k�je t > 0.

Orismìc 2.28. DojeÐshc miac alusÐdac Markov X = {X(t)}t≥0 ston (arijm simo) q¸ro
katast�sewn S, mia kat�stash i ∈ S onom�zetai epanaferìmenh (  epanalambanìmenh) (recurrent)
gia thn X, ìtan

P (to sÔnolo {t ≥ 0: X(t) = i} na eÐnai mh fragmèno |X(0) = i) = 1,

kai h i onom�zetai parodik  (transient) gia thn X, ìtan

P (to sÔnolo {t ≥ 0: X(t) = i} na eÐnai mh fragmèno |X(0) = i) = 0.
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Orismìc 2.29. 'Estw mia alusÐda Markov X = {X(t)}t≥0 ston S. SumbolÐzoume me Tn to qrìno
thc n-ost c allag c katast�sewn thc alusÐdac X, ìpou upojètoume ìti T0 = 0. 'Estw h stoqastik 
diadikasÐa diakritoÔ qrìnou, pou orÐzetai apì th sqèsh

Zn = X(Tn+),

dhlad , h stoqastik  diadikasÐa twn tim¸n pou paÐrnei h alusÐda X amèswc met� tic allagèc twn
katast�se¸n thc. Tìte h Zn apoteleÐ mia alusÐda Markov diakritoÔ qrìnou, h opoÐa onom�zetai
alusÐda metapt¸sewn (jump chain) thc X.

Prìtash 2.12. H alusÐda metapt¸sewn eÐnai sunthrhtik  (G1 = 0) kai ìlec oi katast�seic thc
eÐnai eustajeÐc (0 > Gii > −∞, gia k�je i ∈ S).

Parat rhsh 2.4. SÔmfwna me ta prohgoÔmena, h Zn èqei pÐnaka pijanot twn metab�sewn Hij =
−Gij/Gii, ìtan Gii < 0. Fusik�, ìtan Gii = 0, h alusÐda Zn paramènei sthn kat�stash i, efìson
p�ei ekeÐ k�pote. Epiplèon, an Zn = j, o qrìnoc st�shc Tn+1− Tn akoloujeÐ thn ekjetik  katanom 
me par�metro −Gjj .

Orismìc 2.30. 'Estw Tn o qrìnoc thc n-ost c allag c katast�sewn thc alusÐdac Markov X
(T0 = 0). Tìte orÐzoume mia alusÐda Markov (suneqoÔc qrìnou) apì tic sqèseic:

X(t) =
{

Zn, an Tn ≤ t < Tn+1,
∞, diaforetik�.

An T∞ = limn→∞ Tn < ∞, to T∞ onom�zetai qrìnoc èkrhxhc thc alusÐdac X kai lème ìti h alusÐda
aut  ekr gneitai, an P (T∞ < ∞) > 0.

Je¸rhma 2.20. H alusÐda X, pou kataskeu�sjhke pio p�nw, den mporeÐ na ekrageÐ, an ikanopoieÐtai
mia apì tic parak�tw treic sunj kec:

(i) S peperasmèno.

(ii) supi∈S Gii > −∞.

(iii) X(0) = i, ìpou i eÐnai mia epanaferìmenh kat�stash gia thn alusÐda metapt¸sewn Z.

Je¸rhma 2.21. 'Estw p�li h alusÐda X, pou kataskeu�sjhke pio p�nw.

(i) An Gii = 0, tìte h kat�stash i eÐnai mia epanaferìmenh kat�stash gia thn parap�nw alusÐda
suneqoÔc qrìnou X.

(ii) 'Otan Gii = 0, h kat�stash i eÐnai epanaferìmenh gia thn alusÐda suneqoÔc qrìnou X an kai
mìnon an eÐnai epanaferìmenh gia thn alusÐda metapt¸sewn Z. Epiplèon, h i eÐnai epanafe-
rìmenh, an oi pijanìthtec metab�sewn Pii(t) = P (X(t) = i |X(0) = i) ikanopoioÔn th sunj kh∫∞
0 Pii(t) dt = ∞, kai eÐnai parodik , diaforetik�.

2.3. St�simec Katanomèc

Orismìc 2.31. 'Ena di�nusma seir�c π = (πj : j ∈ S) lègetai ìti apoteleÐ mia st�simh katanom 
thc alusÐdac Markov {X(t)}t≥ 0, h opoÐa èqei hmi-om�da metab�sewn P (t), an to π ikanopoieÐ tic ex c
sqèseic:

(i) πj ≥ 0, gia k�je j ∈ S, kai
∑

j∈S πj = 1, kai

(ii) πP (t) = π, gia k�je t ≥ 0, me thn ènnoia ìti
∑

i∈S πiPij(t) = πj , gia k�je j ∈ S kai k�je t ≥ 0.
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Parat rhsh 2.5. ParathroÔme ìti h pr¸th apì tic duo sunj kec tou prohgoÔmenou orismoÔ lèei

ìti to π eÐnai èna di�nusma (mètrou) pijanìthtac. Epiplèon, èstw µ(t) = {µ(t)
i = P (X(t) = i) : i ∈ S},

gia t ≥ 0, to di�nusma pijanìthtac thc katanom c thc tuqaÐac metablht c (suneqoÔc qrìnou) X(t).
Epeid  apì tic exis¸seic Chapamn-Kolmogorov paÐrnoume µ(t) = µ(0)P (t), h deÔterh apì tic parap�nw
sqèseic sunep�getai ìti, an µ(0) = π, tìte µ(t) = πP (t) = π, gia k�je t > 0, dhlad , to di�nusma π
apoteleÐ èna analloÐwto mètro (pijanìthtac) gia thn alusÐda Markov.

Prìtash 2.13. 'Estw mia alusÐda Markov me suneq  sthn arq  hmi-om�da metab�sewn P (t) kai
antÐstoiqo genn tora G. An h alusÐda eÐnai sunthrhtik  (G1 = 0), ìlec oi katast�seic eÐnai eustajeÐc
(0 > Gii > −∞, gia k�je i ∈ S), kai up�rqei h st�simh katanom  π (πP (t) = π, gia k�je t ≥ 0)
tètoia ¸ste

∑
j∈S Gjjπj > −∞, tìte isqÔei h ex c olik  exÐswsh isozugÐou:

πG = 0,

dhlad , to sÔsthma:

Gjjπj =
∑

i∈S, i 6=j

Gijπi, gia k�je j ∈ S kai k�je t > 0.

Prìtash 2.14. 'Estw h alusÐda Markov {X(t)}t≥ 0 se èna peperasmèno q¸ro katast�sewn S, me
hmi-om�da metab�sewn P (t), pou eÐnai suneq c sthn arq  kai èqei genn tora G. Tìte up�rqei mia
st�simh katanom  π (πP (t) = π, gia k�je t ≥ 0) an kai mìnon an isqÔei h ex c olik  exÐswsh
isozugÐou:

πG = 0.

Je¸rhma 2.22. 'Estw h adiaq¸risth alusÐda Markov {X(t)}t≥ 0, h opoÐa èqei hmi-om�da
metab�sewn P (t).

(i) An up�rqei mia st�simh katanom  π, tìte aut  eÐnai monadik  kai

lim
t→∞

Pij(t) = πj gia k�je i, j ∈ S.

(ii) An den up�rqei st�simh katanom , tìte

lim
t→∞

Pij(t) = 0 gia k�je i, j ∈ S.

Par�deigma 2.8. 'Estw h alusÐda Markov X sto q¸ro katast�sewn S = {1, 2}. Ac upojèsoume
ìti mac dÐnetai o genn torac G tou pÐnaka metab�sewn P (t) thc alusÐdac aut c:

G =
(
−α α
β −β

)
.

ZhtoÔme na broÔme pÐnaka metab�sewn P (t) kai th st�simh katanom  π thc alusÐdac aut c.

Diagwnikopoi¸ntac ton G, brÐskoume G = BAB−1, ìpou

B =
(

α 1
−β 1

)
, A =

(
−(α + β) 0

0 0

)
.

Epomènwc,
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P (t) =
∑∞

n=0
tn

n!G
n = B

( ∑∞
n=0

tn

n!A
n
)
B−1

= B

(
h(t) 0
0 1

)
B−1

= 1
α+β

(
αh(t) + β α[1− h(t)]
β[1− h(t)] α + βh(t)

)
,

ìpou h(t) = e−t(α+β). 'Etsi, brÐskoume to ìrio

lim
t→∞

P (t) =
(

1− ρ ρ
1− ρ ρ

)
, ìpou ρ =

α

α + β
,

kai, �ra,

lim
t→∞

P (X(t) = i) =
{

1− ρ, an i = 1,
ρ, an i = 2,

anex�rthta apì thn arqik  katanom  tou X(0). Me �lla lìgia, π = (1−ρ, ρ) eÐnai h st�simh katanom 
aut c thc alusÐdac. Bèbaia, h katanom  aut  ja mporoÔse na eÐqe brejeÐ kai apì th sqèsh πG = 0.

2.4. DiadikasÐa Poisson

Genik¸c, mia diadikasÐa Poisson eÐnai mia stoqastik  diadikasÐa suneqoÔc qrìnou, ìpou oi
parathroÔmenec metablhtèc eÐnai oi tuqaÐoi qrìnoi, stouc opoÐouc mia akoloujÐa gegonìtwn mporeÐ na
sumbeÐ. Eidikìtera, ta gegonìta aut� jewroÔntai ìti eÐnai diaforetikoÐ tÔpoi afÐxewn, p.q., pelat¸n
se mia our�, pakètwn dedomènwn se ènan kìmbo enìc diktÔou upologist¸n, swmatidÐwn se èna metrht 
Geiger k.o.k. Pio sugkekrimèna, o pl rhc orismìc thc diadikasÐac Poisson eÐnai wc ex c:

Orismìc 2.32. Mia diadikasÐa Poisson me èntash λ (merikèc forèc sumbolizìmenh wc PP (λ))
eÐnai mia stoqastik  diadikasÐa suneqoÔc qrìnou N = {N(t) : t ≥ 0}, h opoÐa paÐrnei timèc sto
S = {0, 1, 2, . . .} kai eÐnai tètoia ¸ste:

(i) N(0) = 0 kai, an s < t, tìte N(s) ≤ N(t),

(ii) P (N(t + h) = n + m |N(t) = n) =


λh + o(h), an m = 1,
o(h), an m > 1,
1− λh + o(h), an m = 0,

ìpou g(h) = o(h) shmaÐnei ìti g(h)
h → 0, kaj¸c h ↓ 0,

(iii) ermhneÔontac tic tuqaÐec metablhtèc N san qrìnouc afÐxewn, o arijmìc twn afÐxewn N(t)−N(s)
sto qronikì di�sthma (s, t] eÐnai anex�rthtoc apì tic afÐxeic N(τ), gia τ ∈ (0, s].

Prìtash 2.15. H diadikasÐa Poisson me èntash λ akoloujeÐ thn katanom  Poisson me par�metro
λt, dhlad ,

P (N(t) = j) =
(λt)j

j!
e−λt, j = 0, 1, 2, . . . .

Prìtash 2.16. H diadikasÐa Poisson me èntash λ eÐnai mia alusÐda Markov (suneqoÔc qrìnou)
N = {N(t) : t ≥ 0}, h opoÐa paÐrnei timèc sto S = {0, 1, 2, . . .}.

Me èna diaforetikì trìpo, mia diadikasÐa Poisson perigr�fetai wc ex c: 'Estw mia akoloujÐa qrìnwn
T0, T1, . . . , pou orÐzetai apì tic sqèseic:

T0 = 0, Tn = inf{t ≥ 0: N(t) = n},
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dhlad , o qrìnoc Tn jewreÐtai ìti eÐnai o qrìnoc thc n-ost c �fixhc. Tìte mporoÔn na orisjoÔn
ta qronik� diast mata metaxÔ afÐxewn san oi tuqaÐec metablhtèc X1, X2, . . . , pou dÐnontai apì tic
sqèseic:

Xn = Tn − Tn−1, n = 1, 2, . . . .

An gnwrÐzoume tic tuqaÐec metablhtèc N , mporoÔme na broÔme tic tuqaÐec metablhtèc X1, X2, . . . .
All� kai antistrìfwc, apì ta Xi mporÔme na anakataskeu�soume ta N wc ex c:

Tn =
n∑

i=1

Xi, N(t) = max{n = 1, 2, . . . : Tn ≤ t}.

Prìtash 2.17. Oi tuqaÐec metablhtèc X1, X2, . . . eÐnai anex�rthtec kai k�je mia apì autèc akolou-
jeÐ thn ekjetik  katanom  me par�metro λ an kai mìnon an h N eÐnai mia diadikasÐa Poisson me èntash
λ.

2.5. DiadikasÐec Gènnhshc kai Jan�tou

Orismìc 2.33. Mia diadikasÐa gènnhshc kai jan�tou eÐnai mia alusÐda Markov (suneqoÔc qrìnou)
X = {X(t) : t ≥ 0}, h opoÐa paÐrnei timèc sto S = {0, 1, 2, . . .} kai eÐnai tètoia ¸ste:

(i) P (X(t + h) = n + m |X(t) = n) =


λnh + o(h), an m = 1,
µnh + o(h), an m = −1,
o(h), an |m| > 1,
1− (λn + µn)h + o(h), an m = 0,

(ii) oi rujmoÐ genn sewn λ0, λ1, . . . kai oi rujmoÐ jan�twn µ0, µ1, . . . eÐnai λi ≥ 0, µi ≥ 0, µ0 = 0.

Prìtash 2.18. O genn torac thc diadikasÐac gènnhshc kai jan�tou G = {Gij : i, j ≥ 0} eÐnai

G =


−λ0 λ0 0 0 . . .
µ1 −(λ1 + µ1) λ1 0 0 . . .
0 µ2 −(λ2 + µ2) λ2 0 . . .
0 0 µ3 −(λ3 + µ3) λ3
...

...
...

...
...

. . .

 .

'Ara, h alusÐda aut  eÐnai omoiìmorfa suneq c sthn arq  an kai mìnon an supi=0,1,... sup{λi+µi} < ∞.

Parat rhsh 2.6. H alusÐda gènnhshc kai jan�tou eÐnai adiaq¸risth, ektìc an λ0 = 0, opìte h
kat�stash 0 eÐnai aporrofhtik .

Apì thn exÐswsh olikoÔ isozugÐou (πG = 0), èqoume to sÔsthma:

−λ0π0 + µ1π1 = 0,
λn−1πn−1 − (λn + µn)πn + µn+1πn+1 = 0, gia n ≥ 1,

apì ìpou mporoÔme na upologÐsoume th monadik  st�simh katanom  π:

Prìtash 2.19.

πn =
λ0λ1 . . . λn−1

µ1µ2 . . . µn
π0, gia n ≥ 1, π0 =

( ∞∑
n=0

λ0λ1 . . . λn−1

µ1µ2 . . . µn

)−1

,

an kai mìnon an
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∞∑
n=0

λ0λ1 . . . λn−1

µ1µ2 . . . µn
< ∞,

ìpou o ìroc n = 0 lamb�netai wc 1.
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