
Stoqastikèc DiadikasÐec

Orismìc: Mia stoqastik  diadikasÐa eÐnai mia mono-

parametrik  oikogèneia {X(t)} tuqaÐwn metablht¸n, ori-

smènwn ston Ðdio q¸ro pijanìthtac (Ω,F , P ). H par�metroc

t sun jwc parist�nei to qrìno kai paÐrnei eÐte diakritèc  

suneqeÐc timèc. Me �lla lìgia, gia k�je tim  thc paramètrou

t, X(t): Ω → R me X(t)−1(B) ∈ F, gia k�je B ∈ B(R).

'Otan to t paÐrnei diakritèc timèc, tìte sun jwc gr�foume

(san deÐkth) n antÐ gia t (se parenjèseic), ìpou jewroÔme

ìti n = 0,1, . . . , kai lème ìti h stoqastik  diadikasÐa

{Xn}n≥0 apoteleÐ mia stoqastik  diadikasÐa diakritoÔ

qrìnou.
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AlusÐdec Markov

Duo eÐnai ta eidopoi� qarakthristik� twn alusÐdwn Markov:

• To gegonìc ìti oi tuqaÐec metablhtèc {Xn}n≥0 eÐ-

nai diakritèc kai paÐrnoun timèc se èna arijm simo

(peperasmèno   �peiro) sÔnolo S, to opoÐo onom�zetai

q¸roc katast�sewn kai ta stoiqeÐa tou onom�zontai

katast�seic thc diadikasÐac. Epiplèon, an Xn = sj ( 

X(t) = sj), gia k�poio sj ∈ S, lème ìti h tuqaÐa metablht 

X(t) (  Xn) brÐsketai sthn kat�stash sj sto qrìno t
(  n).

• Kai to gegonìc, pou onom�zetai idiìthta Markov, ìti h
stoqastik  diadikasÐa stereÐtai mn mhc, ìpwc faÐne-

tai ston orismì pou akoloujoÔn.



Orismìc: Mia stoqastik  diadikasÐa diakritoÔ qrìnou

{Xn}n≥0 lègetai ìti eÐnai mia alusÐda Markov, an

ikanopoioÔntai oi ex c duo sunj kec:

(i) 'Olec oi tuqaÐec metablhtèc {Xn}n≥0 paÐrnoun timèc sto

Ðdio arijm simo sÔnolo katast�sewn S.

(ii) Gia k�je n = 0,1, . . . , gia k�je si, si0, si1, . . . , sin−1
, sj ∈ S,

isqÔei h parak�tw idiìthta Markov:

P (Xn+1 = sj |Xn = si, Xn−1 = sin−1
, . . . , X1 = si1, X0 = si0)

= P (Xn+1 = sj |Xn = si).



Metab�seic

Sth sunèqeia, ja sumbolÐzoume to q¸ro katast�sewn miac

alusÐdac Markov me S = {1,2, . . .}, enno¸ntac ìti S =

{1,2, . . . , |S|}, ìpou |S| < ∞, ìtan to S eÐnai peperasmèno, kai

|S| = ∞, ìtan to S eÐnai (arijm sima) �peiro sÔnolo.

Orismìc: Mia alusÐda Markov {Xn}n≥0 sto q¸ro

katast�sewn S = {1,2, . . .} onom�zetai omoiogen c, an, gia

k�je n ≥ 1 kai k�je i, j ∈ S,

P (Xn+1 = j |Xn = i) = P (X1 = j |X0 = i).

Sto ex c, ìtan ja anaferìmaste se mia alusÐda Markov, ja

ennooÔme p�nta ìti prìkeitai gia mia omoiogen  alusÐda.



Orismìc: 'Estw h alusÐda Markov {Xn}n≥0 sto q¸ro

katast�sewn S = {1,2, . . .}. Tìte o pÐnakac P me stoiqeÐa

Pij = P (Xn+1 = j |Xn = i), gia k�je i, j ∈ S kai k�je n ≥ 0,

onom�zetai pÐnakac pijanot twn metab�sewn kai ta s-

toiqeÐa tou onom�zontai pijanìthtec metab�sewn metaxÔ

twn katast�sewn thc alusÐdac. Profan¸c, ìtan o q¸roc

katast�sewn S eÐnai peperasmènoc, ac poÔme |S| = k, tìte o

pÐnakac P eÐnai t�xhc k×k, en¸ diaforetik�, gia S arijm sima

�peiro, h t�xh tou pÐnaka P eÐnai �peirh.



Prìtash: O pÐnakac pijanot twn metab�sewn P eÐnai ènac

stoqastikìc pÐnakac, me thn ènnoia ìti:

• ta stoiqeÐa tou P eÐnai mh arnhtik�, dhlad , Pij ≥ 0 , gia

k�je i, j ∈ S.

• ta ajroÐsmata twn gramm¸n tou P eÐnai Ðsa me 1, dhlad ,∑
j∈S Pij = 1, gia k�je i ∈ S.



Orismìc: Gia k�je duo akèraiouc m, n ≥ 0, o pÐnakac

P (m, m + n) me stoiqeÐa

Pij(m, m + n) = P (Xm+n = j |Xm = i), gia i, j ∈ S,

onom�zetai pÐnakac pijanot twn metab�sewn se n

b mata kai ta stoiqeÐa tou onom�zontai pijanìthtec

metab�sewn se n b mata metaxÔ twn katast�sewn thc

alusÐdac Markov.

Profan¸c, P (m, m+1) = P. Epiplèon ìmwc, o P (m, m+n) den

exart�tai apì to m, ìpwc sunep�getai to epìmeno shmantikì

apotèlesma.



Je¸rhma: (Oi Exis¸seic Chapman-Kolmogorov.) Gia k�-

je akèraiouc m, n, r ≥ 0, isqÔei

Pij(m, m + n + r) =
∑
l∈S

Pi l(m, m + n)Plj(m + n, m + n + r).

Dhlad ,

P (m, m + n + r) = P (m, m + n)P (m + n, m + n + r)

kai, �ra,

P (m, m + n) = Pn, h n−ost  dÔnamh tou P.



Me �lla lìgia, sumbolÐzontac me P (n) ton pÐnaka P (0, n),

Pij(n) = Pij(0, n), gia k�je i, j ∈ S kai k�je n ≥ 0,

apì tic exis¸seic Chapman-Kolmogorov paÐrnoume

P (n) = P (0, n) = P (m, m + n) = Pn, gia k�je n, m = 0,1, . . .



An, epiplèon, gia k�je qrìno n = 0,1, . . . , sumbolÐsoume me

µ(n) = (µ(n)
i : i ∈ S) to di�nusma pijanìthtac thc katanom c thc

diakrit c tuqaÐac metablht c Xn (dhlad , µ
(n)
i = P (Xn = i),

gia k�je i ∈ S kai k�je n = 0,1, . . .), tìte èqoume to ex c

apotèlesma.

Prìtash: µ(m+n) = µ(m)P (n) kai, �ra, µ(n) = µ(0)Pn.



TuqaÐoi PerÐpatoi

Orismìc: Mia stoqastik  diadikasÐa diakritoÔ qrìnou

{Xn}n≥0 lègetai ìti apoteleÐtai apì tuqaÐec metablhtèc, pou

eÐnai katanemhmènec anex�rthta kai ìmoia (k.a.o.), an h

diadikasÐa aut 

(i) apoteleÐtai apì anex�rthtec tuqaÐec metablhtèc (pou

shmaÐnei ìti oi tuqaÐec metablhtèc k�je peperasmènhc u-

posullog c thc diadikasÐac aut c eÐnai anex�rthtec) kai

(ii) ìlec autèc oi tuqaÐec metablhtèc èqoun thn Ðdia

sun�rthsh katanom c, dhlad , P (Xi ≤ x) = P (Xj ≤ x),

gia k�je i, j = 0,1, . . . kai k�je x ∈ R.



Orismìc: 'Estw h tuqaÐa metablht  Y0, pou paÐrnei timèc

sto sÔnolo twn akèraiwn Z. Epiplèon, èstw mia stoqastik 

diadikasÐa diakritoÔ qrìnou {Xn}n≥1, pou apoteleÐtai apì

tuqaÐec metablhtèc, oi opoÐec paÐrnoun timèc sto sÔnolo

{−1,+1} kai oi opoÐec eÐnai katanemhmènec anex�rthta kai

ìmoia me pijanìthtec, gia k�je n = 1,2, . . . ,

P (Xn = +1) = p, P (Xn = −1) = q,

gia k�poia p, q ∈ (0,1), p + q = 1. Tìte h stoqastik  dia-

dikasÐa {Yn}n≥0, pou orÐzetai anadromik� apì th sqèsh

Yn+1 = Yn + Xn+1, dhlad , Yn = Y0 +
n∑

i=1

Xi,

onom�zetai (aplìc) tuqaÐoc perÐpatoc sto Z me par�metro

p ∈ (0,1). 'Otan p = 1
2, o tuqaÐoc perÐpatoc onom�zetai sum-

metrikìc.



Prìtash: O tuqaÐoc perÐpatoc {Yn}n≥0 sto Z me par�metro

p ∈ (0,1) eÐnai mia alusÐda Markov sto sÔnolo katast�sewn

S = Z me tic ex c pijanìthtec metab�sewn

Pij =

 p, ìtan j = i + 1,
q = 1− p, ìtan j = i− 1,
0, se opoiad pote �llh perÐptwsh.

Epiplèon, gia k�je i, j ∈ Z kai k�je n = 0,1, . . . ,

Pij(n) =


(

n
1
2 (n + j − 1)

)
p

1
2(n+j−1)q

1
2 (n−j+1), gia n + j − 1 ≥ 0 �rtio,

0, alli¸c,

ìpou Pij(n) = P (Xn = j |X0 = i).



Je¸rhma: 'Estw o tuqaÐoc perÐpatoc {Yn}n≥0 sto Z me

par�metro p ∈ (0,1) kai i ∈ Z. Tìte

(i) limn→∞ Pii(n) = 0 kai

(ii) h pijanìthta ¸ste o tuqaÐoc perÐpatoc autìc na

epistrèyei sto i, apì ìpou èqei xekin sei, eÐnai

Pii(m) = 1− |p− q|, gia k�poio m ≥ 1,

ìpou Pii(n) = P (Yn = i | Y0 = i), gia k�je n ≥ 1.

'Ara, ìtan p = q = 1
2, o tuqaÐoc perÐpatoc p�nta epistrèfei

sthn kat�stash, apì thn opoÐan èqei xekin sei.



Taxinìmhsh Katast�sewn

Orismìc: Mia kat�stash i ∈ S onom�zetai epanaferìmenh

(  epanalambanìmenh) (recurrent), an h alusÐda epistrèfei
telik� sthn kat�stash aut , apì thn opoÐan èqei xekin sei

arqik�, dhlad , an

Pii(n) = P (Xn = i | X0 = i) = 1, gia k�poio n ≥ 1.

An ìmwc h prohgoÔmenh pijanìthta eÐnai austhr� mikrìterh

thc mon�dac, h kat�stash i onom�zetai parodik  (transient).

Par�deigma: 'Estw o tuqaÐoc perÐpatoc {Yn}n≥0 sto Z me

par�metro p ∈ (0,1). Tìte mia kat�stash i ∈ Z eÐnai epana-

ferìmenh an kai mìnon an p = 1
2, dhlad , an kai mìnon an o

tuqaÐoc perÐpatoc eÐnai summetrikìc.



Orismìc: Dojèntwn twn katast�sewn i, j ∈ S kai tou

qrìnou n ≥ 1, sumbolÐzoume thn pijanìthta ¸ste, ìtan h

alusÐda arqÐsei sthn kat�stash i, na episkefjeÐ sto qrìno

n gia pr¸th for� thn kat�stash j, me

fij(n) = P (Xn = j, Xn−1 6= j, . . . , X1 6= j | X0 = i),

kai thn pijanìthta ¸ste, ìtan h alusÐda arqÐsei sthn kat�s-

tash i, na episkefjeÐ k�pote thn kat�stash j (gia pr¸th

for�), me

fij =
∑∞

n=1 fij(n).

Profan¸c, h kat�stash i eÐnai epanaferìmenh an kai mìnon

an fii = 1 kai parodik  an kai mìnon an fii < 1.



Mèjodoc Gennhtri¸n Sunart sewn

Oi genn triec sunart seic twn pijanot twn Pij kai fij or'-

izontai wc ex c:

Pij(s) =
∞∑

n=0

snPij(n), Fij(s) =
∞∑

n=0

snfij(n),

ìpou Pij(n) = P (Xn = j |X0 = i) kai deqìmaste ìti Pij(0) =

δij, to dèlta tou Kronecker, kai fij(0) = 0, gia k�je i, j ∈ S.

'Opwc sun jwc, upojètoume ìti |s| < 1, gia na exasfalisjeÐ

h sÔgklish (se apìluth tim ) twn parap�nw seir¸n. Tèloc,

parathroÔme ìti fij = Fij(1).



Prìtash: Gia k�je i ∈ S,

(i) Pii(s) = 1 + Fii(s)Pii(s),

(ii) Pij(s) = Fij(s)Pjj(s), gia k�je j 6= i.

Pìrisma: Gia k�je i ∈ S,

(i) h kat�stash i eÐnai epanaferìmenh an kai mìnon an∑∞
n=0 Pii(n) = ∞

(ii) kai h kat�stash i eÐnai parodik  an kai mìnon an∑∞
n=0 Pii(n) < ∞.



Pìrisma: An h kat�stash i eÐnai parodik , tìte∑∞
n=0 Pij(n) < ∞, gia k�je j. 'Ara, an h i eÐnai parodik ,

tìte limn→∞ Pij(n) = 0, gia k�je j.

Je¸rhma: Gia k�je i ∈ S,

(i) h kat�stash i eÐnai epanaferìmenh an kai mìnon an

P (Xn = i, gia �peira poll� n |X0 = i) = 1,

(ii) kai h kat�stash i eÐnai parodik  an kai mìnon an

P (Xn = i, gia �peira poll� n |X0 = i) = 0.



Orismìc: Gia k�je i, j ∈ S, o qrìnoc epÐskeyhc ( 

prìsptwshc) sthn kat�stash j, ìtan h alusÐda xekin� apì

thn kat�stash i, orÐzetai wc

Tij = min{n ≥ 1: Xn = j, X0 = i},

me th sÔmbash ìti Tij = ∞, ìtan h alusÐda den episkèpte-

tai potè thn kat�stash j. EpÐshc, orÐzetai o mèsoc qrìnoc

epÐskeyhc (  prìsptwshc) wc

τij = E[Tij].

'Otan i = j, to τi = τii onom�zetai mèsoc qrìnoc

epanafor�c sthn kat�stash i.



Pìrisma: Gia k�je i ∈ S,

τi =

{ ∑∞
n=1 nfii(n), ìtan h i eÐnai epanaferìmenh,

∞, ìtan h i eÐnai parodik .

Epiplèon, isqÔei

τi = F
′

ii(1).



Orismìc: H epanaferìmenh kat�stash i ∈ S onom�zetai

mhdenik� epanaferìmenh (null recurrent), an τi = ∞, kai

mh mhdenik� epanaferìmenh (non-null recurrent)   jetik�

epanaferìmenh, an τi < ∞.

Je¸rhma: Mia epanaferìmenh kat�stash i ∈ S eÐnai mh-

denik� epanaferìmenh an kai mìnon an limn→∞ Pii(n) = 0. Epi-

plèon, ìtan isqÔei h sqèsh aut , tìte limn→∞ Pji(n) = 0, gia

k�je j ∈ S.



Par�deigma: Sto summetrikì tuqaÐo perÐpato sto Z, k�je
kat�stash eÐnai mhdenik� epanaferìmenh.

Prìtash: 'Otan o q¸roc katast�sewn S miac alusÐdac

Markov eÐnai peperasmènoc, tìte toul�qiston mia kat�-

stash prèpei na eÐnai epanaferìmenh kai k�je epanafe-

rìmenh kat�stash prèpei na eÐnai mh mhdenik� (jetik�)

epanaferìmenh.



Sth sunèqeia, dojèntoc enìc sunìlou A jetik¸n akèraiwn

arijm¸n, sumbolÐzoume me gcdA to megalÔtero koinì di-

airèth twn arijm¸n tou A.

Orismìc: H perÐodoc d(i) miac kat�stashc i ∈ S orÐzetai

wc

d(i) = gcd{n ≥ 1: Pii(n) > 0}.

H kat�stash i onom�zetai periodik , an d(i) ≥ 2, kai ape-

riodik , an d(i) = 1. Epiplèon, mia alusÐda lègetai aperi-

odik , an ìlec oi katast�seic thc eÐnai aperiodikèc. Dia-

foretik�, h alusÐda lègetai periodik .



Me �lla lìgia, h perÐodoc thc kat�stashc i eÐnai o

megalÔteroc koinìc diairèthc tou sunìlou twn qrìnwn,

gia touc opoÐouc h alusÐda mporeÐ na xanaepistrèyei sthn

kat�stash i, apì thn opoÐan xekin�. Diaforetik� eipomèno,

Pii(n) = 0, ektìc an to n eÐnai pollapl�sio tou d(i), to opoÐo

eÐnai o mikrìteroc akèraioc, pou ikanopoieÐ aut  thn idiìth-

ta.

Par�deigma: 'Olec oi katast�seic enìc tuqaÐou perÐpatou

sto Z eÐnai periodikèc me perÐodo 2, parodikèc, efìson p 6= 1
2,

kai mhdenik� epananaferìmenec, efìson p = 1
2.

Orismìc: Mia kat�stash i onom�zetai ergodik , an eÐnai

mh mhdenik� (jetik�) epanaferìmenh, kai aperiodik . Kai h

alusÐda onom�zetai ergodik , an ìlec oi katast�seic thc

eÐnai ergodikèc.



Orismìc: 'Estw duo katast�seic i, j ∈ S. Tìte lème ìti h

kat�stash i epikoinwneÐ me thn kat�stash j, an up�rqei

qrìnoc n ≥ 1 tètoioc ¸ste

Pij(n) = P (Xn = j |X0 = i) > 0.

'Otan h kat�stash i epikoinwneÐ me thn kat�stash j,

gr�foume i → j . An, epiplèon, kai h kat�stash j epikoi-

nwneÐ me thn kat�stash i, gr�foume i ↔ j kai lème ìti oi

katast�seic i kai j epikoinwnoÔn metaxÔ touc.

H “↔” eÐnai mia sqèsh isodunamÐac sto S × S (dhlad , mia

autopaj c, summetrik  kai metabatik  diadik  sqèsh sto S×
S). Epomènwc, me ton trìpo autì, orÐzetai ènac diamerismìc

tou S se kl�seic isodunamÐac wc proc aut n th sqèsh.



Je¸rhma: An i ↔ j, tìte:

(i) h kat�stash i eÐnai parodik  an kai mìnon an kai h j eÐnai parodik ,

(ii) h kat�stash i eÐnai epanaferìmenh an kai mìnon an kai h j eÐnai
epanaferìmenh,

(iii) h kat�stash i eÐnai mhdenik� epanaferìmenh an kai mìnon an kai h j
eÐnai mhdenik� epanaferìmenh,

(iv) h kat�stash i eÐnai mh mhdenik� (jetik�) epanaferìmenh an kai mìnon
an kai h j eÐnai mh mhdenik� (jetik�) epanaferìmenh,

(v) h kat�stash i eÐnai periodik  an kai mìnon an kai h j eÐnai periodik ,
opìte d(i) = d(j),

(vi) h kat�stash i eÐnai ergodik  an kai mìnon an kai h j eÐnai ergodik .



Orismìc: 'Estw C èna sÔnolo katast�sewn miac alusÐdac

Markov. To C onom�zetai kleistì, an, ìtan h alusÐda mpei

mèsa sto C, potè sth sunèqeia den bgaÐnei èxw apì to sÔnolo

autì, dhlad , an Pij = 0, gia k�je i ∈ C kai j /∈ C.

To C onom�zetai aporrofhtikì (absorbing), an to C eÐnai

kleistì kai perièqei mìno mia kat�stash.

To C onom�zetai adiaq¸risto (  mh diaqwrÐsimo   mh

anag¸gimo) (irreducible), an k�je duo katast�seic i, j ∈ C

epikoinwnoÔn metaxÔ touc (dhlad , i ↔ j, gia k�je i, j ∈ C).

Epiplèon, mia alusÐda Markov onom�zetai adiaq¸risth

(irreducible), an k�je duo katast�seic thc i, j ∈ S epikoin-

wnoÔn metaxÔ touc (dhlad , i ↔ j). Diaforetik�, h alusÐda

onom�zetai diaqwrÐsimh (  anag¸gimh) (reducible).



Je¸rhma: (Diamerismìc Q¸rou Katast�sewn.)

O q¸roc katast�sewn S miac alusÐdac Markov mporeÐ na

analujeÐ kat� monadikì trìpo wc

S = T ∪
⋃N

j=1 Cj,

ìpou ta sÔnola katast�sewn T, C1, . . . , CN eÐnai an� duo

xèna metaxÔ touc, to T apoteleÐtai (mìno) apì parodikèc

katast�seic kai k�je èna apì ta C1, . . . , CN eÐnai kleistì

kai adiaq¸risto kai apoteleÐtai (mìno) apì epanaferìmenec

katast�seic.



Par�deigma 1: Sto q¸ro katast�sewn S = {1,2,3,4}, jew-
roÔme thn alusÐda Markov me pÐnaka pijanot twn metab�sewn

P =


1
4

1
4

1
4

1
4

0 0 1 0
0 0 0 1
1 0 0 0

 .

Jèloume na taxinom soume tic katast�seic thc alusÐdac

aut c kai na upologÐsoume to mèso qrìno epanafor�c thc

kat�stashc 1.



Pr¸ta, parathroÔme ìti ìlec oi katast�seic epikoinwnoÔn

metaxÔ touc, pou shmaÐnei ìti h alusÐda aut  eÐnai adi-

aq¸risth. Ac prospaj soume t¸ra na taxinom soume thn

kat�stash 1. Kaj¸c èqoume

f11(1) = f11(2) = f11(3) = f11(4) = 1/4, f11(n) = 0, gia n ≥ 5,

dhlad , f11 =
∑∞

n=1 f11(n) = 1, h kat�stash 1 eÐnai

epanaferìmenh. EpÐshc, epeid  τ1 =
∑∞

n=1 nf11(n) = 1/4 +

1/2 + 3/4 + 1 = 10/4 < ∞, to 1 eÐnai mh mhdenik� (jetik�)

epanaferìmenh kat�stash. Epiplèon, epeid  P11(1) > 0, to

1 eÐnai kai aperiodik  kat�stash. Epomènwc, ìlec (kai oi

tèsseric) oi katast�seic eÐnai ergodikèc, afoÔ epikoinwnoÔn

metaxÔ touc.



Par�deigma 2: Sto q¸ro katast�sewn S = {1,2,3,4}, jew-
roÔme thn alusÐda Markov me pÐnaka pijanot twn metab�sewn

P =


0 0 1

2
1
2

0 1 0 0
0 0 0 1
1 0 0 0

 .

Jèloume (i) na taxinom soume tic katast�seic thc alusÐ-

dac aut c kai (ii) na upologÐsoume touc mèsouc qrìnouc

epanafor�c twn katast�sewn.



(i) Profan¸c, h kat�stash 2 eÐnai aporrofhtik , aperi-

odik  (diìti P22(1) > 0) kai, me tetrimmèno trìpo, mh mh-

denik� (jetik�) epanaferìmenh. To sÔnolo {1,3,4} eÐnai a-
diaq¸risto kai kleistì kai, �ra, oi katast�seic 1,3 kai 4
eÐnai mh mhdenik� (jetik�) epanaferìmenec. Epiplèon, epeid 

d(1) = d(3) = gcd{2,3, . . .} = 1 kai d(4) = gcd{3,5, . . .} = 1, oi
katast�seic 1,3 kai 4 eÐnai aperiodikèc kai, �ra, ergodikèc.

(ii) Gia na broÔme touc mèsouc qrìnouc epanafor�c twn

katast�sewn, pr¸ta parathroÔme ìti

f11(1) = 0, f11(2) = 1/2, f11(3) = 1/2, f11(n) = 0, gia n ≥ 4,
f22(1) = 1, f22(n) = 0, gia n ≥ 2,

f33(1) = 0, f33(2k) = 0, gia k ≥ 1, f33(2k + 1) = (1/2)k, gia k ≥ 1,
f44(1) = 0, f44(2) = 1/2, f44(3) = 1/2, f44(n) = 0, gia n ≥ 4.

Kaj¸c, gia k�je epanaferìmenh kat�stash i, τi =∑∞
n=1 nfii(n), paÐrnoume τ1 = 5/2, τ2 = 1, τ3 = 5, τ4 = 5/2.



Par�deigma 3: Sto q¸ro katast�sewn S = {1,2,3,4,5,6},
jewroÔme thn alusÐda Markov me pÐnaka pijanot twn

metab�sewn

P =



1
2

1
2 0 0 0 0

1
4

3
4 0 0 0 0

1
4

1
4

1
4

1
4 0 0

1
4 0 1

4
1
4 0 1

4
0 0 0 0 1

2
1
2

0 0 0 0 1
2

1
2


.

Jèloume (i) na taxinom soume tic katast�seic thc alusÐ-

dac aut c kai (ii) na upologÐsoume touc mèsouc qrìnouc

epanafor�c twn katast�sewn.



(i) Ta sÔnola {1,2} kai {5,6} eÐnai adiaq¸rista kai klei-

st�. Epomènwc, sÔmfwna me to je¸rhma tou diamerismoÔ tou

q¸rou katast�sewn, ta sÔnola aut� prèpei na perièqoun mh

mhdenikèc (jetikèc) epanaferìmenec katast�seic (epeid  o

q¸roc katast�sewn eÐnai peperasmènoc). Oi katast�seic 3

kai 4 eÐnai parodikèc, diìti autèc epikoinwnoÔn me ta kleist�

sÔnola {1,2} kai {5,6}. 'Olec oi katast�seic èqoun perÐodo

1, diìti pii(1) > 0, gia ìla ta i. 'Etsi, oi katast�seic 3

kai 4 eÐnai parodikèc, en¸ oi katast�seic 1, 2, 5 kai 6 eÐnai

ergodikèc.



(ii) Gia na broÔme touc mèsouc qrìnouc epanafor�c twn

katast�sewn thc alusÐdac aut c, pr¸ta parathroÔme ìti,

me ènan aplì upologismì, brÐskoume:

f11(n) =

{
p11 = 1

2, gia n = 1,

p12(p22)
n−2p21 = 1

2(
3
4)

n−21
4, gia n ≥ 2.

'Ara, epeid  h kat�stash 1 eÐnai epanaferìmenh, τ1 =∑∞
n=1 nf11(n) = 19/6. Parìmoia, mporoÔn na brejoÔn kai

oi upìloipoi mèsoi qrìnoi epanafor�c.



St�simec Katanomèc

Orismìc: 'Ena di�nusma seir�c π = (πj: j ∈ S) lègetai ìti

apoteleÐ mia st�simh katanom  thc alusÐdac Markov, an

ikanopoieÐ tic ex c duo sqèseic:

(i) πj ≥ 0, gia k�je j ∈ S, kai
∑

j∈S πj = 1, kai

(ii) πP = π, me thn ènnoia ìti
∑

i∈S πiPij = πj, gia k�je j ∈ S.



Prìtash: An, gia k�je i, j ∈ S,

(i) up�rqei to ìrio limn→∞ Pij(n)

(ii) kai to ìrio autì eÐnai anex�rthto tou i, opìte to sum-
bolÐzoume wc

limn→∞ Pij(n) = πj,

tìte eÐte to ìrio πj eÐnai h monadik  st�simh katanom 
thc alusÐdac Markov   πj = 0, gia k�je j ∈ S.

Pìrisma: An ìlec oi katast�seic miac alusÐdac Markov eÐnai
eÐte parodikèc   mhdenik� epanaferìmenec, tìte den up�rqei
kami� st�simh katanom  gia thn alusÐda aut .



Je¸rhma:

K�je adiaq¸risth alusÐda Markov èqei mia monadik 

st�simh katanom  an kai mìnon an ìlec oi katast�-

seic eÐnai mh mhdenik� (jetik�) epanaferìmenec. Sthn

perÐptwsh aut , h (monadik ) st�simh katanom  π dÐne-

tai wc:

πi = τ−1
i , gia k�je i ∈ S,

ìpou τi eÐnai o mèsoc qrìnoc epanafor�c thc kat�-

stashc i.



Je¸rhma: 'Estw mia adiaq¸risth alusÐda kai s ∈ S mia (opoiad pote)
kat�stas  thc. Tìte:

(i) ìlec oi kat�staseic thc alusÐdac eÐnai parodikèc an kai mìnon an
up�rqei èna mh mhdenikì di�nusma {yj : j 6= s}, tètoio ¸ste |yj| ≤ 1,
gia k�je j 6= s, to opoÐo ikanopoieÐ tic exis¸seic

yi =
∑

j:j 6=s

Pijyj, gia k�je i 6= s,

(ii) kai ìlec oi kat�staseic thc alusÐdac eÐnai epanaferìmenec an kai
mìnon an up�rqei èna mh mhdenikì di�nusma {yj : j 6= s}, tètoio ¸ste
limj→∞ yj = ∞, gia k�je j 6= s,to opoÐo ikanopoieÐ tic anisìthtec

yi ≥
∑

j:j 6=s

Pijyj, gia k�je i 6= s.



Par�deigma: TuqaÐoc perÐpatoc stouc mh arnhtikoÔc akèraiouc: T¸ra
S = {0,1,2, . . .} kai oi pijanìthtec metab�sewn eÐnai oi ex c:

P0,0 = q, Pi,i+1 = p, ìtan i ≥ 0, Pi,i−1 = q, ìtan i ≥ 1,

gia p, q ∈ (0,1), p + q = 1. 'Estw ρ = p/q.

(i) 'Otan q < p, paÐrnontac s = 0, blèpoume ìti to di�nusma yj = 1 − ρ−j

ikanopoieÐ th sunj kh (i) tou prohgoÔmenou jewr matoc kai, �ra,
ìlec oi katast�seic autoÔ tou tuqaÐou perÐpatou eÐnai parodikèc.

(ii) MporoÔme na lÔsoume thn exÐswsh pin�kwn π = πP , gia na broÔme
th st�simh katanom  πj = ρj(1− ρ), an kai mìnon an q > p. Epomènwc,
apì to amèswc prohgoÔmeno je¸rhma, ìlec oi katast�seic autoÔ tou
tuqaÐou perÐpatou eÐnai mh mhdenik� (jetik�) epanaferìmenc an kai
mìnon an q > p.

(iii) 'Otan q = p = 1
2
, paÐrnontac s = 0, blèpoume ìti to di�nusma yj = j,

gia k�je j ≥ 1, ikanopoieÐ th sunj kh (ii) tou prohgoÔmenou jew-
r matoc kai, �ra, ìlec oi katast�seic autoÔ tou tuqaÐou perÐpatou
eÐnai mhdenik� epanaferìmenec.



Je¸rhma: 'Estw mia adiaq¸risth alusÐda Markov me

peperasmèno q¸ro katast�sewn S. Tìte up�rqei ènac

jetikìc akèraioc N tètoioc ¸ste Pij(N) > 0, gia k�je i, j ∈ S,

an kai mìnon an up�rqei to ìrio limn→∞ Pij(n) = πj, gia k�je

i, j ∈ S, kai to ìrio autì eÐnai tètoio ¸ste πj > 0, gia k�je

j ∈ S, kai
∑

j∈S πj = 1.

Pìrisma: K�je adiaq¸risth alusÐda Markov se pepera-

smèno q¸ro katast�sewn èqei p�nta mia monadik  st�simh

katanom .

Pìrisma: 'Olec oi katast�seic miac adiaq¸risthc alusÐdac

Markov se peperasmèno q¸ro katast�sewn eÐnai mh mhdenik�

(jetik�) epanaferìmenec.



Je¸rhma: An mia alusÐda Markov eÐnai adiaq¸risth kai ape-
riodik , tìte, gia k�je i, j ∈ S,

lim
n→∞

Pij(n) = τ−1
j

kai, �ra, h (monadik ) st�simh katanom  π thc alusÐdac eÐnai

h πj = τ−1
j , gia j ∈ S.

Pìrisma: K�je ergodik  kai adiaq¸risth alusÐda Markov
èqei monadik  st�simh katanom  πj = limn→∞ Pij(n) = τ−1

j ,

gia k�je i, j ∈ S.

Genik¸c ìmwc mporeÐ na apodeiqjeÐ ìti:

Je¸rhma: Mia adiaq¸risth kai aperiodik  alusÐda Markov
eÐnai ergodik  an kai mìnon an èqei mia monadik  st�simh

katanom .



AlusÐdec Markov SuneqoÔc Qrìnou

ArqÐzoume me ton orismì thc alusÐdac Markov suneqoÔc

qrìnou sto q¸ro katast�sewn S = {1,2, . . .}, ìpou ennooÔme

ìti S = {1,2, . . . , |S|} kai |S| < ∞, ìtan to S eÐnai peperasmèno,

kai |S| = ∞, ìtan to S eÐnai (arijm sima) �peiro sÔnolo.

Orismìc: Mia stoqastik  diadikasÐa suneqoÔc qrìnou

{X(t)}t≥0 sto q¸ro katast�sewn S lègetai ìti eÐnai mia

alusÐda Markov suneqoÔc qrìnou, an gia k�je akoloujÐa

qrìnwn 0 ≤ t0 < t1 < . . . < tn kai gia k�je i, i0, i1, . . . , in−1, j ∈ S,

isqÔei h parak�tw idiìthta Markov:

P (Xtn = j |Xtn−1 = i, Xtn−2 = in−1, . . . , Xt0 = i0) =

= P (Xtn = j |Xtn−1 = i).



Orismìc:

DojeÐshc thc alusÐdac Markov {X(t)}t≥0, o pÐnakac P (s, t)

me stoiqeÐa

Pij(s, t) = P (X(t) = j |X(s) = i),

gia k�je i, j ∈ S kai k�je 0 ≤ s ≤ t,

onom�zetai pÐnakac pijanot twn metab�sewn kai ta

stoiqeÐa tou onom�zontai pijanìthtec metab�sewn metaxÔ

twn katast�sewn thc alusÐdac. Profan¸c, ìtan o q¸roc

katast�sewn S eÐnai peperasmènoc, ac poÔme |S| = k, tìte

o pÐnakac P eÐnai t�xhc k × k, en¸ diaforetik�, gia S

arijm sima �peiro, h t�xh tou pÐnaka P eÐnai �peirh.



H alusÐda Markov {X(t)}t≥0 onom�zetai omoiogen c, an, gia

k�je i, j ∈ S kai k�je 0 ≤ s ≤ t,

Pij(s, t) = Pij(0, t− s).

Gr�foume:

Pij(t− s) = Pij(s, t)

dhlad , gr�foume gia ton pÐnaka pijanot twn metab�sewn

P (t) = P (0, t) , gia k�je t ≥ 0.



Je¸rhma:

H monoparametrik  oikogèneia pin�kwn pijanot twn

metab�sewn P (t) = {Pij(t) : i, j ∈ S, t ≥ 0} apoteleÐ mia

hmi-om�da stoqastik¸n pin�kwn me thn ènnoia ìti:

(i) P (0) = I, o tautotikìc pÐnakac,

(ii) gia k�je t ≥ 0, pÐnakac P (t) eÐnai stoqastikìc, dhlad ,

ta stoiqeÐa tou eÐnai mh arnhtik� kai ta ajroÐsmata twn

seir¸n tou eÐnai 1, kai

(iii) isqÔoun oi exis¸seic Chapman-Kolmogorov:

P (s + t) = P (s)P (t), gia k�je s, t ≥ 0.



Orismìc:

Lème ìti h hmi-om�da metab�sewn P (t) = {Pij(t): i, j ∈ S, t ≥ 0}
eÐnai suneq c sthn arq , an

lim
h↓0

P (h) = P (0) = I,

ìpou h sÔgklish aut  isqÔei gia k�je stoiqeÐo twn pin�kwn

twn pijanot twn metab�sewn, dhlad ,

lim
h↓0

Pij(h) = 0, gia k�je i, j ∈ S, i 6= j,

lim
h↓0

Pii(h) = 1, gia k�je i ∈ S.



Prìtash:

An h hmi-om�da metab�sewn P (t) = {Pij(t): i, j ∈ S, t ≥ 0} eÐnai
suneq c sthn arq , tìte h hmi-om�da eÐnai suneq c se k�je

qrìno t ≥ 0, dhlad ,

lim
h→0

P (t + h) = P (t), gia k�je t ≥ 0,

ìpou p�li h sÔgklish sto parap�nw ìrio isqÔei gia k�je

stoiqeÐo twn pin�kwn twn pijanot twn metab�sewn.



Orismìc: DojeÐshc thc hmi-om�dac metab�sewn P (t) =
{Pij(t) : i, j ∈ S, t ≥ 0}, èstw o pÐnakac (genik¸c |S| × |S|)
G = {Gij : i, j ∈ S}, pou orÐzetai wc ex c:

(i) Gij = limh↓0
Pij(h)

h , gia k�je i, j ∈ S, i 6= j,

(ii) Gii = limh↓0
Pii(h)−1

h , gia k�je i ∈ S,

dhlad ,

G = limt↓0
P (t)−I

t .

Tìte o pÐnakac G onom�zetai (apeirostìc) genn torac thc

hmi-om�dac P (t).



Je¸rhma:

An h hmi-om�da metab�sewn P (t) = {Pij(t): i, j ∈ S, t ≥ 0} eÐnai
suneq c sthn arq  (opìte kai gia k�je qrìno), tìte up�rqei

o genn tor�c thc G = {Gij : i, j ∈ S} kai eÐnai tètoioc ¸ste,

gia k�je i, j ∈ S, i 6= j,

• 0 ≤ Gij < ∞,

• 0 ≥ Gii ≥ −∞,

ektìc an S peperasmèno, opìte 0 ≥ Gii > −∞.



Je¸rhma: (Oi Exis¸seic tou Kolmogorov.) An {P (t) :

t ≥ 0} eÐnai mia omoiìmorfa suneq c hmi-om�da metab�sewn

me genn tora G, tìte h P (t) eÐnai h monadik  lÔsh twn ex c

diaforik¸n exis¸sewn pin�kwn:

(i) thc proc ta emprìc exÐswshc tou Kolmogorov:

d

dt
P (t) = P (t)G, t > 0,

dhlad , san sÔsthma exis¸sewn (paraleÐpontac to ìri-

sma tou qrìnou),

d

dt
Pij(t) = Pij(t)Gjj +

∑
k∈S, k 6=j

Pik(t)Gkj,

gia k�je i, j ∈ S kai k�je t > 0,



(ii) thc proc ta pÐsw exÐswshc tou Kolmogorov:

d

dt
P (t) = GP (t), t > 0,

dhlad , san sÔsthma exis¸sewn,

d

dt
Pij(t) = GiiPij(t) +

∑
k∈S, k 6=i

GikPkj(t),

gia k�je i, j ∈ S kai k�je t > 0.

me thn arqik  sunj kh P (0) = I. Epiplèon, isqÔoun:

P (t) = etG, gia t ≥ 0, kai G1 = 0.



St�simec Katanomèc

Orismìc: 'Ena di�nusma seir�c π = (πj : j ∈ S) lègetai

ìti apoteleÐ mia st�simh katanom  thc alusÐdac Markov

{X(t)}t≥0, h opoÐa èqei hmi-om�da metab�sewn P (t), an to π

ikanopoieÐ tic ex c sqèseic:

(i) πj ≥ 0, gia k�je j ∈ S, kai
∑

j∈S πj = 1, kai

(ii) πP (t) = π, gia k�je t ≥ 0, me thn ènnoia ìti
∑

i∈S πiPij(t) =

πj, gia k�je j ∈ S kai k�je t ≥ 0.



Prìtash:

'Estw h alusÐda Markov {X(t)}t≥0 se èna peperasmèno q¸ro

katast�sewn S, me hmi-om�da metab�sewn P (t), pou eÐnai

suneq c sthn arq  kai èqei genn tora G. Tìte up�rqei mia

st�simh katanom  π (πP (t) = π, gia k�je t ≥ 0) an kai mìnon

an isqÔei h ex c olik  exÐswsh isozugÐou:

πG = 0.



Par�deigma: 'Estw h alusÐda Markov X sto q¸ro

katast�sewn S = {1,2}. Ac upojèsoume ìti mac dÐnetai o

genn torac G tou pÐnaka metab�sewn P (t):

G =

(
−α α
β −β

)
.

ZhtoÔme na broÔme pÐnaka metab�sewn P (t) kai th st�simh

katanom  π thc alusÐdac aut c.

Diagwnikopoi¸ntac ton G, brÐskoume G = BAB−1, ìpou

B =

(
α 1
−β 1

)
, A =

(
−(α + β) 0

0 0

)
.



Epomènwc,

P (t) =
∑∞

n=0
tn

n!G
n = B

( ∑∞
n=0

tn

n!A
n
)
B−1

= B

(
h(t) 0
0 1

)
B−1

= 1
α+β

(
αh(t) + β α[1− h(t)]
β[1− h(t)] α + βh(t)

)
,

ìpou h(t) = e−t(α+β). 'Etsi, brÐskoume to ìrio

lim
t→∞

P (t) =

(
1− ρ ρ
1− ρ ρ

)
, ìpou ρ =

α

α + β
,

kai, �ra,

lim
t→∞

P (X(t) = i) =

{
1− ρ, an i = 1,
ρ, an i = 2,



anex�rthta apì thn arqik  katanom  tou X(0). Me �lla lì-

gia, π = (1− ρ, ρ) eÐnai h st�simh katanom  aut c thc alusÐ-

dac. Bèbaia, h katanom  aut  ja mporoÔse na eÐqe brejeÐ

kai apì th sqèsh πG = 0.



DiadikasÐa Poisson

Orismìc:

Mia diadikasÐa Poisson me èntash λ (merikèc forèc sum-
bolizìmenh wc PP (λ)) eÐnai mia stoqastik  diadikasÐa
suneqoÔc qrìnou N = {N(t) : t ≥ 0}, h opoÐa paÐrnei timèc
sto S = {0,1,2, . . .} kai eÐnai tètoia ¸ste:

(i) N(0) = 0 kai, an s < t, tìte N(s) ≤ N(t),

(ii) P (N(t + h) = n + m |N(t) = n) =λh + o(h), an m = 1,
o(h), an m > 1,
1− λh + o(h), an m = 0,

ìpou g(h) = o(h) shmaÐnei ìti g(h)
h → 0, kaj¸c h ↓ 0,



(iii) ermhneÔontac tic tuqaÐec metablhtèc N san qrìnouc afÐ-

xewn, o arijmìc twn afÐxewn N(t) − N(s) sto qronikì

di�sthma (s, t] eÐnai anex�rthtoc apì tic afÐxeic N(τ), gia

τ ∈ (0, s].

Prìtash:

H diadikasÐa Poisson me èntash λ akoloujeÐ thn katanom 

Poisson me par�metro λt, dhlad ,

P (N(t) = j) =
(λt)j

j!
e−λt, j = 0,1,2, . . . .



DiadikasÐec Gènnhshc kai Jan�tou

Orismìc: Mia diadikasÐa gènnhshc kai jan�tou eÐnai

mia alusÐda Markov (suneqoÔc qrìnou) X = {X(t) : t ≥ 0},
h opoÐa paÐrnei timèc sto S = {0,1,2, . . .} kai eÐnai tètoia

¸ste:

(i) P (X(t + h) = n + m |X(t) = n) =
λnh + o(h), an m = 1,
µnh + o(h), an m = −1,
o(h), an |m| > 1,
1− (λn + µn)h + o(h), an m = 0,

(ii) oi rujmoÐ genn sewn λ0, λ1, . . . kai oi rujmoÐ jan�twn
µ0, µ1, . . . eÐnai λi ≥ 0, µi ≥ 0, µ0 = 0.



Prìtash:

O genn torac thc diadikasÐac gènnhshc kai jan�tou G =

{Gij : i, j ≥ 0} eÐnai

G =


−λ0 λ0 0 0 . . .
µ1 −(λ1 + µ1) λ1 0 0 . . .
0 µ2 −(λ2 + µ2) λ2 0 . . .
0 0 µ3 −(λ3 + µ3) λ3
... ... ... ... ... . . .

 .

'Ara, h alusÐda aut  eÐnai omoiìmorfa suneq c sthn arq  an

kai mìnon an supi=0,1,... sup{λi + µi} < ∞.



Apì thn exÐswsh olikoÔ isozugÐou (πG = 0), èqoume to

sÔsthma:

−λ0π0 + µ1π1 = 0,
λn−1πn−1 − (λn + µn)πn + µn+1πn+1 = 0, gia n ≥ 1.

Prìtash:

πn =
λ0λ1 . . . λn−1

µ1µ2 . . . µn
π0, gia n ≥ 1, π0 =

( ∞∑
n=0

λ0λ1 . . . λn−1

µ1µ2 . . . µn

)−1

,

an kai mìnon an

∞∑
n=0

λ0λ1 . . . λn−1

µ1µ2 . . . µn
< ∞,

ìpou o ìroc n = 0 lamb�netai wc 1.



'Askhsh:

BreÐte tic st�simec katanomèc gia tic parak�tw diadikasÐec

gènnhshc kai jan�tou:

(i) λn = λ, µn = nµ, λ, µ > 0.

(ii) λn = nλ, µn = nµ, λ0 = 0, λ, µ > 0.


