
5. PARARTHMA A: Ask seic gia AlusÐdec Markov

5.1. Ask seic

'Askhsh 5.1. 'Estw h alusÐda Markov me pÐnaka pijanot twn metab�sewn
(

1−p p
q 1−q

)
.

(i) BreÐte ton pÐnaka pijanot twn metab�sewn P (n), qwrÐc na qrhsimopoi sete dun�meic pin�kwn.

(ii) DeÐxte ìti ìlec oi katast�seic eÐnai epanaferìmenec.

(iii) DeÐxte ìti ìlec oi katast�seic eÐnai mh mhdenik� (jetik�) epanaferìmenec.

(iv) UpologÐste th st�simh katanom .

'Askhsh 5.2. 'Estw h alusÐda Markov me pÐnaka pijanot twn metab�sewn

(
0 1

2

1 1
2

)
.

(i) BreÐte touc pÐnakec pijanot twn metab�sewn P (2) kai P (3).

(ii) DeÐxte ìti h alusÐda aut  eÐnai aperiodik .

(iii) EÐnai h alusÐda aut  ergodik ;

'Askhsh 5.3. 'Estw h alusÐda Markov sto {0, 1, 2, . . .} me pÐnaka pijanot twn metab�sewn, pou
dÐnetai apì tic sqèseic P0,j = aj , gia j ≥ 0, Pii = r kai Pi,i−1 = 1 − r, gia i ≥ 1. Taxinom ste ìlec
tic katast�seic thc alusÐdac aut c kai breÐte touc mèsouc qrìnouc epanafor�c touc.

'Askhsh 5.4. Taxinom ste tic katast�seic thc alusÐdac Markov me pÐnaka pijanot twn metab�sewn(
1−2p 2p 0

p 1−2p p
0 2p 1−2p

)
kai upologÐste touc mèsouc qrìnouc epanafor�c twn katast�se¸n thc.

'Askhsh 5.5. Taxinom ste tic katast�seic twn parak�tw alusÐdwn Markov me touc antÐstoiqouc
pÐnakec pijanot twn metab�sewn kai upologÐste touc mèsouc qrìnouc epanafor�c gia ìsec katast�-
seic autì eÐnai eÔkolo:

(i)


0 p 0 1− p

1− p 0 p 0
0 1− p 0 p
p 0 1− p 0



(ii)

1
2 0 1

2
1
4

1
2

1
4

1
2 0 1

2



(iii)

0 0.4 0.6
1 0 0
1 0 0



(iv)


0 0 1 0
1 0 0 0
0 1

2
1
2 0

1
3 0 0 2

3



(v)


0 1 0 0
0 0 1 0
0 1

3 0 2
3

0 0 0 1


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(vi)


1
3

2
3 0 0

1
2 0 1

2 0
0 0 1 0
0 0 0 1



(vii)


0 1

2 0 1
2

0 0 1 0
0 0 0 1
1 0 0 0



(viii)


1
2

1
2 0 0 0

1
2

1
2 0 0 0

0 0 1
2

1
2 0

0 0 1
2

1
2 0

1
4

1
4 0 0 1

2



(ix)


0 1

2 0 1
2 0

0 0 0 1 0
0 3

4 0 0 1
4

1 0 0 0 0
0 0 3

8
5
8 0



(x)


1
2

1
2 0 0 0

0 1
3

2
3 0 0

1
3

1
3

1
3 0 0

0 0 0 1
4

3
4

1
4 0 0 1

2
1
4



(xi)



0 1 0 0 0 0
0 0 0.5 0 0 0.5
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0



(xii)



0 1 0 0 0 0
0 0 1 0 0 0.5
0 0 0 0.5 0.5 0
1 0 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0



(xiii)



0 0 0 0 0 0 0 1
1
3 0 0 2

3 0 0 0 0
0 0 0 0 1 0 0 0
0 1

2 0 0 0 1
2 0 0

0 0 0 0 1
2

1
2 0 0

0 0 1 0 0 0 0 0
0 0 0 3

4
1
4 0 0 0

1 0 0 0 0 0 0 0


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(xiv)



0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0.5 0 0.5 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

0.3 0.7 0 0 0 0 0 0
0.2 0.4 0 0 0.1 0 0.1 0.2
0 0 0.3 0 0 0.4 0 0.3


'Askhsh 5.6. UpologÐste tic st�simec katanomèc twn parak�tw alusÐdwn Markov me touc antÐ-
stoiqouc pÐnakec pijanot twn metab�sewn:

(i)

1/3 1/3 1/3
1/4 1/2 1/4
1/6 1/3 1/2



(ii)

 0 0.4 0.6
0.5 0 0.5
1 0 0



(iii)


1/2 0 1/2 0
1 0 0 0

1/3 0 0 2/3
1/4 1/8 0 3/8



(iv)


1/6 1/6 1/3 1/3
0 0 1/4 3/4
0 0 1 0

3/4 0 1/4 0



(v)


1/4 3/4 0 0 0
1/2 1/2 0 0 0
0 0 0 1 0
0 0 1/2 1/2 0

1/5 0 2/5 1/5 1/5


'Askhsh 5.7. Gia k�je mia apì tic parak�tw alusÐdec Markov me touc antÐstoiqouc pÐnakec pija-
not twn metab�sewn taxinom ste tic katast�seic touc kai upologÐste tic st�simec katanomèc touc:

(i)

1 0 0
0 1/3 2/3
1 0 0



(ii)

 0 1/4 3/4
1 0 0

1/3 0 2/3



(iii)

 0 1/3 2/3
2/3 0 1/3
1/3 2/3 0



(iv)


0.2 0.8 0 0
0.5 0.5 0 0
0 0 0 1
0 0 0.5 0.5


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5.2. LÔseic Epilegmènwn Ask sewn

LÔsh 'Askhshc 2.1.:

Q¸roc katast�sewn {0, 1} kai pÐnakac pijanot twn metab�sewn:

�
1− p p

q 1− q

�
,

dhlad :
P (Xn+1 = 1|Xn = 0) = p,

P (Xn+1 = 0|Xn = 1) = q,

P (Xn+1 = 0|Xn = 0) = 1− p,

P (Xn+1 = 1|Xn = 1) = 1− q.

Di�gramma tou antÐstoiqou mh kateujunìmenou gr�fou:

Upologismìc thc P (Xn = 0) (kai thc P (Xn = 1) = 1− P (Xn = 0))

dojeÐshc thc P (X0 = 0) = π0(0):

P (Xn+1 = 0) = P (Xn+1 = 0 kai Xn = 0) + P (Xn+1 = 0 kai Xn = 1) =

= P (Xn = 0)P (Xn+1 = 0|Xn = 0) + P (Xn = 1)P (Xn+1 = 0|Xn = 1) =

= (1− p)P (Xn = 0) + qP (Xn = 1) =

= (1− p)P (Xn = 0) + q(1− P (Xn = 0)) =

= (1− p− q)P (Xn = 0) + q.

Gia n = 0,
P (X1 = 0) = (1− p− q)π0(0) + q,

gia n = 1,
P (X2 = 0) = (1− p− q)2π0(0) + q[1 + (1− p− q)],

k.o.k., opìte paÐrnoume me epagwg :

P (Xn = 0) = (1− p− q)nπ0(0) + q

n−1X
k=0

(1− p− q)k.

PerÐptwsh 0 < p, q < 1: Epeid  tìte |1− p− q| < 1, èqoume mia gewmetrik  seir� ⇒

n−1X
k=0

(1− p− q)k =
1− (1− p− q)n

p + q

⇒
(

P (Xn = 0) = q
p+q

+ (1− p− q)n[π0(0)− q
p+q

]

P (Xn = 1) = p
p+q

+ (1− p− q)n[π0(1)− p
p+q

]
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Upologismìc thc P n

Genik¸c:

P (Xn = j) =
X

i

P (X0 = i καιXn = j) =

=
X

i

P (X0 = i)P (Xn = j|X0 = i) =

=
X

i

π0(i)P n
ij

ìpou π0(i) = P (X0 = i), dhlad :

P (Xn = j) =
X

i

π0(i)P n
ij

⇒
(

P (Xn = 0) = π0(0)P n
00 + π0(1)P n

10

P (Xn = 1) = π0(0)P n
01 + π0(1)P n

11

Gia π0(0) = 1 kai π0(1) = 0 ⇒

P n
00 = P (Xn = 0) =

q

p + q
+ (1− p− q)n p

p + q

Parìmoia:

P n
01 =

p

p + q
− (1− p− q)n p

p + q

P n
10 =

q

p + q
− (1− p− q)n q

p + q

P n
11 =

p

p + q
+ (1− p− q)n q

p + q

Epomènwc:

P n =
1

p + q

�
q p
q p

�
+

(1− p− q)n

p + q

�
p −p
−q q

�

Epanafor� katast�sewn

Ja deÐxoume ìti h kat�stash 0 eÐnai epanaferìmenh (parìmoia kai gia thn kat�stash 1). AfoÔ P00(n) = P n
00 = q

p+q
+ (1− p−

q)n p
p+q

, èqoume limn→∞ P00(n) = q
p+q

> 0 (efìson p, q > 0) kai, �ra,
P∞

n=0 P00(n) = ∞, k�ti pou sunep�getai ìti h kat�stash

0 eÐnai epanaferìmenh.

Mh mhdenik  (jetik ) epanafor� katast�sewn kai mèsoc qrìnoc epanafor�c

P�li ja deÐxoume ìti h kat�stash 0 eÐnai mh mhdenik� (jetik�) epanaferìmenh. Ex orismoÔ, f00(1) = 1 − p kai f00(n) =
P01P n−2

11 P10 = pq(1 − q)n−2, gia k�je n ≥ 2. Epeid  |1 − q| < 1, paÐrnoume ìti o mèsoc qrìnoc epanafor�c tou 0 eÐnai

τ0 =
P∞

n=1 nf00(n) = 1− p +
P∞

n=1 pq(1− q)n−2 = p+q
q

< ∞. Lìgw summetrÐac, τ1 = p+q
p

. 'Ara, kai oi duo katast�seic 0 kai

1 eÐnai mh mhdenik� (jetik�) epanaferìmenec.

Upologismìc thc st�simhc katanom c π = (π0, π1)

PerÐptwsh 0 < p, q < 1:

lim
n→∞

P n =
1

p + q

�
q p
q p

�

⇒
(

π0 = limn→∞ P n
i0 = q

p+q

π1 = limn→∞ P n
i1 = p

p+q

kai h π = (π0, π1) eÐnai h monadik  st�simh katanom .

Diaforetik�: Apì thn π = πP paÐrnoume:

π0 = (1− p)π0 + qπ1

π1 = pπ0 + (1− q)π1

Kai π0 + π1 = 1 ⇒

pπ0 = q − qπ0 ⇒ (p + q)π0 = q ⇒
(

π0 = q
p+q

π1 = p
p+q
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LÔsh 'Askhshc 2.2.:

Pr¸ta, ac broÔme ton pÐnaka P (2) = P 2 algebrik�, dhlad , pollaplasi�zontac ton pÐnaka P me ton eautì tou:

P (2) = P 2 =

�
0 1

2
1 1

2

� �
0 1

2
1 1

2

�
=

� 1
2

1
4

1
2

3
4

�
.

Diaforetik�, o P (2) mporeÐ na brejeÐ exet�zontac tic pijanìthtec metab�sewn twn katast�sewn se 2 b mata. 'Etsi, blèpoume
ìti o mìnoc trìpoc gia th met�bash apì to 1 sto 1 se 2 b mata eÐnai na gÐnei pr¸ta h met�bash apì to 1 sto 2 (me pijanìthta 1)
kai sth sunèqeia h met�bash apì to 2 sto 1 (me pijanìthta 1/2). Epomènwc, P11(2) = 1/2. EpÐshc, epeid  gia th met�bash apì
to 1 sto 2 se 2 b mata prèpei pr¸ta na gÐnei h met�bash apì to 1 sto 2 (me pijanìthta 1) kai met� na parameÐnoume sto 2 (me
pijanìthta 1/2), paÐrnoume P12(2) = 1/2. Parìmoia, brÐskoume ta �lla duo stoiqeÐa tou pÐnaka (  qrhsimopoi¸ntac to gegonìc
ìti o pÐnakac autìc eÐnai ènac stoqastikìc pÐnakac, opìte to �jroisma twn gramm¸n tou prèpei na eÐnai Ðso proc 1).

Me ton Ðdio trìpo, brÐskoume

P (3) = P 3 =

� 1
4

3
8

3
4

5
8

�
.

'Etsi, èqoume P11(1) = 0, P11(2) = 1/2 kai P11(3) = 1/4. Sunep¸c, d(1) = 1 (molonìti P11(1) = 0). All�, afoÔ
P22(1) = 1/2 > 0, èpetai ìti kai d(2) = 1. Epomènwc, h alusÐda eÐnai aperiodik .

Epeid  (sÔmfwna me thn 'Askhsh 2.1.) ìlec oi katast�seic thc alusÐdac aut c eÐnai mh mhdenik� (jetik�) epanaferìmenec, h
alusÐda aut  eÐnai ergodik .

LÔsh 'Askhshc 2.3.:

'Otan r = 1, h kat�stash i eÐnai aporrofhtik , gia k�je i ≥ 1, kai h 0 eÐnai parodik , ektìc an a0 = 1.

Ac upojèsoume ìti r < 1 kai èstw J = sup{j : aj ≥ 0}. Tìte, oi katast�seic 0, 1, . . . , J sqhmatÐzoun mia adiaq¸risth
epanaferìmenh kl�sh kai eÐnai ìlec aperiodikèc, an r > 0, en¸ ìlec oi upìloipec katast�seic eÐnai parodikèc. Gia 0 ≤ i ≤ J , o
qrìnoc epanafor�c thc i, pou dÐnetai wc Ti = min{n ≥ 1: Xn = i}, eÐnai tètoioc ¸ste P (Ti = 1) = r. 'Otan Ti > 1, to Ti mporeÐ
na ekfrasjeÐ wc to �jroisma twn ex c ìrwn:

T
(1)
i = o qrìnoc gia na fj�sei h alusÐda sto 0, ìtan to pr¸to b ma gÐnetai proc ta arister�,

T
(2)
i = o qrìnoc twn metab�sewn, pou xekinoÔn apì to 0, all� den fj�noun sto i,

T
(3)
i = o qrìnoc twn metab�sewn, pou telik� fj�noun sto i.

Den eÐnai dÔskolo na doÔme ìti E[T
(1)
i ] = 1+(i−1)/(1− r), ìtan i ≥ 1, diìti h mèsh tim  tou qrìnou anamon c se k�je endi�meso

shmeÐo eÐnai (1 − r)−1. To pl joc N tètoiwn ‘mikr¸n’ episkèyewn katanèmetai me pijanìthta P (N = n) = αi(1 − αi)
n, n ≥ 0,

ìpou αi =
P∞

j=i αj . Epomènwc, E[N ] = (1− αi)/αi. K�je tètoia ‘mikr ’ epÐskeyh èqei mèsh di�rkeia:

i−1X
j=0

�
j

1− r
+ 1

�
αj

1− αi
= 1 +

i−1X
j=0

jαj

(1− αi)(1− r)

kai, epomènwc,

E[T
(2)
i ] =

1

αi

�
(1− αi) +

i−1X
j=0

jαj

1− r

�
.

Parìmoia, paÐrnoume:

E[T
(3)
i ] =

1

αi

∞X
j=1

�
1 +

j − i

1− r

�
αj .

Sundu�zontac ta parap�nw, brÐskoume:

E[Ti] = r + (1− r)E[T
(1)
i + T

(2)
i + T

(3)
i ] =

1

αi

�
1− r +

∞X
j=0

jαj

�
, i ≥ 1,

kai, me ènan parìmoio trìpo, E[T0] = 1 +
P∞

j=0 jαj/(1− r). Profan¸c, E[Ti] < ∞, gia i ≤ J , efìson
P∞

j=0 jαj < ∞, k�ti pou
sÐgoura isqÔei, an J < ∞.

LÔsh 'Askhshc 2.4.:

'Olec oi katast�seic eÐnai aporrofhtikèc, ìtan p = 0. Gia autì, ac upojèsoume ìti p 6= 0. Profan¸c, kai oi treic katast�seic
thc alusÐdac aut c eÐnai ergodikèc (giatÐ h alusÐda eÐnai adiaq¸risth se peperasmèno q¸ro katast�sewn).

Gia na broÔme touc mèsouc qrìnouc epanafor�c twn katast�sewn, proqwr�me wc ex c. Diagwnikopoi¸ntac ton pÐnaka P , paÐrnoume
P = BQB−1, ìpou
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B =

2
41 1 1

1 0 −1
1 −1 1

3
5 , B−1 =

2
41/4 1/2 1/4

1/2 0 −1/2
1/4 −1/2 1/4

3
5 , Q =

2
41 0 0

0 1− 2p 0
0 0 1− 4p

3
5 .

Epomènwc,

P n = BQnB−1 = B

2
41 0 0

0 (1− 2p)n 0
0 0 (1− 4p)n

3
5B−1,

apì ìpou oi pijanìthtec metab�sewn Pij(n) mporoÔn eÔkola na brejoÔn:

P11(n) =
1

4
+

1

2
(1− 2p)n +

1

4
(1− 4p)n, P22(n) =

1

2
+

1

2
(1− 4p)n,

kai P33(n) = P11(n), lìgw summetrÐac.

'Etsi, apì ton orismì tou Pij(s) (=
P∞

n=0 snPij(n)), brÐskoume

P11(s) = P33(s) =
1

4(1− s)
+

1

2{1− s(1− 2p)}
+

1

4{1− s(1− 4p)}
, P22(s) =

1

2(1− s)
+

1

2{1− s(1− 4p)}
.

Opìte, qrhsimopoi¸ntac th sqèsh Fii(s) = 1 − Pii(s)
−1, met� apì k�poiouc aploÔc upologismoÔc, mporoÔme na broÔme touc

mèsouc qrìnouc epanafor�c τi = F
′
ii(1) : τ1 = τ3 = 4, τ2 = 2.

LÔsh 'Askhshc 2.5.:

(i) K�je kat�stash thc alusÐdac eÐnai periodik  periìdou 2 (ìtan p 6= 0) kai ìlec oi katast�seic eÐnai mh mhdenik� (jetik�)
epanaferìmenec.

LÔsh 'Askhshc 2.6.:

(i) Q¸roc katast�sewn {0, 1, 2} me pÐnaka pijanot twn metab�sewn:

P =

2
41/3 1/3 1/3

1/4 1/2 1/4
1/6 1/3 1/2

3
5

Upologismìc st�simhc katanom c π = (π0, π1, π2)T , π = πP :

8><
>:

π0 = π0P00 + π1P10 + π2P20

π1 = π0P01 + π1P11 + π2P21

π2 = π0P02 + π1P12 + π2P22
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1

3
π0 +

1

4
π1 +

1

6
π2 = π0 (1)

1

3
π0 +

1

2
π1 +

1

3
π2 = π1 (2)

1

3
π0 +

1

4
π1 +

1

2
π2 = π2 (3)

π0 + π1 + π2 = 1 (4)

(2)− 2(1) ⇒ π1 = 5
3
π0

(1) ⇒ π2 = 3
2
π0

(4) ⇒ π0(1 + 5
3

+ 3
2
) = 1 ⇒ π0 = 6

25

π1 = 5
3

6
25

= 2
5

π2 = 3
2

6
25

= 9
25
.
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