
5. PARARTHMA: Anaskìphsh JewrÐac Pijanot twn

5.1. Pijanìthtec

'Estw Ω èna mh kenì sÔnolo. To sÔnolo Ω ja onom�zetai deigmatoq¸roc kai opoiod pote uposÔnolì
tou A ⊂ Ω ja onom�zetai gegonìc. Eidikìtera, to ∅ onom�zetai apÐjano gegonìc kai ìlo to Ω
onom�zetai bèbaio gegonìc.

Orismìc 5.43. Mia (mh ken ) sullog  F gegonìtwn (uposunìlwn tou Ω) lègetai ìti apoteleÐ èna
σ-pedÐo ( , alli¸c, mia σ-�lgebra) sto Ω, an ikanopoieÐ tic parak�tw idiìthtec:

• Ω ∈ F .

• An A ∈ F , tìte kai Ac ∈ F , ìpou Ac sumbolÐzei to sumpl rwma tou A, dhlad , Ac = {s ∈ Ω:
s 6∈ A}.

• An A1, A2, . . . ∈ F , tìte kai ∪∞k=1Ak ∈ F .

Profan¸c, apì tic duo pr¸tec sqèseic èpetai ìti kai ∅ ∈ F . Epiplèon, apì touc nìmouc tou De
Morgan, pèra apì tic en¸seic, h trÐth sqèsh isqÔei kai gia tic tomèc. Akìmh, ac prosjèsoume ìti ta
A ∈ F suqn� onom�zontai metr sima gegonìta.

MporeÐ na apodeiqjeÐ (deÐte Cohn [3], sel. 3) ìti, dojèntoc opoioud pote sunìlou Ω kai opoiasd pote
sullog c G uposunìlwn tou Ω, up�rqei p�nta èna mikrìtero σ-pedÐo F = F(G), pou perièqei th
sullog  G. 'Etsi, sthn eidik  perÐptwsh pou Ω = Rd ( , genikìtera, ìtan o deigmatoq¸roc Ω eÐnai
ènac topologikìc q¸roc), tìte up�rqei to σ-pedÐo, pou par�getai apì th sullog  twn anoikt¸n
uposunìlwn tou Rd, to opoÐo sumbolÐzetai me B(Rd) kai onom�zetai σ-pedÐo Borel. Epiplèon, ta
uposÔnola tou Rd, pou an koun sto σ-pedÐo Borel, onom�zontai sÔnola Borel.

Orismìc 5.44. Mia sun�rthsh µ: F → [0, 1] onom�zetai mètro pijanìthtac sto Ω kai lème ìti h
tri�da (Ω,F , µ) apoteleÐ èna q¸ro pijanìthtac, an h µ ikanopoieÐ tic ex c sqèseic:

(i) µ(∅) = 0.

(ii) µ(Ac) = 1− µ(A), gia k�je A ∈ F .

(iii) An A,B ∈ F eÐnai xèna gegonìta (dhlad , A ∩ B = ∅), tìte kai µ(A ∪ B) = µ(A) + µ(B).
Kai genikìtera, an A1, A2, . . . ∈ F eÐnai an� duo xèna gegonìta (dhlad , Ai ∩Aj = ∅, gia k�je
i 6= j), tìte µ(

⋃∞
k=1 Ak) =

∑∞
k=1 Ak.

Parathr ste pwc mazÐ oi (i) kai (ii) sunep�gontai ìti µ(Ω) = 1. Me �lla lìgia, ìtan (Ω,F , µ) eÐnai
ènac q¸roc pijanìthtac, orÐzetai h pijanìthta µ(A) ∈ [0, 1], gia k�je gegonìc A ∈ F , ètsi ¸ste na
ikanopoioÔntai oi parap�nw sqèseic. Suqn�, antÐ gia µ(A), ja sumbolÐzoume me P (A) thn pijanìthta
tou gegonìtoc A ∈ F .

Orismìc 5.45. 'Estw o q¸roc pijanìthtac (Ω,F , P ) kai A ∈ F . Lème ìti to gegonìc A sumbaÐnei
“sqedìn sÐgoura ” (“almost sure ”) kai sumbolÐzoume ton qarakthrismì autì me “σ.σ. ” (“a.s. ”), an
isqÔei P (A) = 1.

Par�deigma 5.9. 'Ena pr¸to kai aploÔstato par�deigma pijanìthtac mporeÐ na dojeÐ gia thn
perÐptwsh enìc diakritoÔ q¸rou pijanìthtac. Aut  eÐnai h perÐptwsh, pou o deigmatoq¸roc Ω eÐ-
nai arijm simoc (eÐte peperasmènoc   arijm sima �peiroc), opìte h sullog  ìlwn twn uposunìlwn
tou Ω sqhmatÐzei èna σ-pedÐo F . Tìte, gia k�je gegonìc A ⊂ Ω, orÐzetai h pijanìthta
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P (A) =
∑
ω∈A

p(ω),

ìpou h sun�rthsh p : Ω → R eÐnai tètoia ¸ste p(ω) ≥ 0, gia k�je ω ∈ Ω, kai
∑

ω∈Ω p(ω) = 1.

Par�deigma 5.10. 'Ena deÔtero par�deigma pijanìthtac mporeÐ na dojeÐ gia thn perÐptwsh pou
Ω = R. Jewr¸ntac tìte to σ-pedÐo B(R) twn sunìlwn Borel ston R, mporeÐ na apodeiqjeÐ (deÐte
Cohn [3], sel. 14-24) ìti up�rqei èna monadikì mètro pijanìthtac λ orismèno sto B(R), pou onom�zetai
mètro Lebesgue, to opoÐo eÐnai tètoio ¸ste λ((a, b]) = b− a, gia k�je a < b.

Orismìc 5.46. 'Estw A,B duo metr sima gegonìta (dhlad , A,B ∈ F) kai P (B) > 0. MporoÔme
na orÐsoume thn upì sunj kh pijanìthta tou A dojèntoc tou B, pou th sumbolÐzoume me P (A|B), wc
ex c:

P (A|B) =
P (A ∩B)

P (B)
.

Prìtash 5.22. (O TÔpoc thc Olik c Pijanìthtac.) Gia k�je duo gegonìta A,B ∈ F me
0 < P (B) < 1,

P (A) = P (A|B)P (B) + P (A|Bc)P (Bc).

Genikìtera, an èqoume èna diamerismì tou Ω sta an� duo xèna sÔnola B1, B2, . . . , Bn ∈ F tètoia ¸ste
P (Bi) > 0, gia k�je i = 1, 2, . . . , n, tìte

P (A) =
n∑

i=1

P (A|Bi)P (Bi).

Orismìc 5.47. Duo metr sima gegonìta A,B lègetai ìti eÐnai anex�rthta, an P (A ∩ B) =
P (A)P (B). Genikìtera, mia peperasmènh sullog  metrhsÐmwn gegonìtwn A1, . . . ,Ak lègetai ìti
apoteleÐtai apì anex�rthta gegonìta, an, gia k�je m ≤ k kai k�je i1, . . . , im ∈ {1, . . . , k} me
i1 < i2 < . . . < im, èqoume

P (Ai1 ∩Ai2 ∩ . . . ∩Aim) =
m∏

n=1

P (Ain).

Akìmh pio genik¸c, mia (arijm sima) �peirh sullog  metr simwn gegonìtwn lègetai ìti apoteleÐtai
apì anex�rthta gegonìta, an ta gegonìta k�je peperasmènhc uposullog c thc eÐnai anex�rthta.

5.2. TuqaÐec Metablhtèc

Orismìc 5.48. 'Estw o q¸roc pijanìthtac (Ω,F , P ). Mia sun�rthsh X : Ω → R onom�zetai
tuqaÐa metablht , an, gia k�je B ⊂ R, pou eÐnai sÔnolo Borel (dhlad , B ∈ B(R)), èqoume

X−1(B) = {ω ∈ Ω: X(ω) ∈ B} ∈ F .

Epomènwc, ìtan h sun�rthsh X: Ω → R eÐnai mia tuqaÐa metablht , tìte epeid , gia k�je a ∈ R, to
gegonìc {X ≤ a} = {ω ∈ Ω : X(ω) ≤ a} eÐnai èna sÔnolo Borel, mporeÐ na orisjeÐ gia to {X ≤ a}
to mètro pijanìthtac tou q¸rou autoÔ, dhlad , {X ≤ a} ∈ F .
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Par�deigma 5.11. Dojèntoc tou metr simou gegonìtoc A sto deigmatoq¸ro Ω, h qarakthristik 
(  deÐktria) sun�rthsh IA tou A eÐnai mia tuqaÐa metablht  IA : Ω → R, pou orÐzetai wc ex c:

IA(ω) =
{

1, ìtan ω ∈ A,
0, ìtan ω 6∈ A.

Orismìc 5.49. K�je tuqaÐa metablht  X: Ω → R dhmiourgeÐ èna mètro pijanìthtac µ = µX sto
R, to opoÐo onom�zetai katanom  thc tuqaÐac metablht c X (sto R) kai orÐzetai wc

µX(A) = P (X ∈ A),

gia k�je A sÔnolo Borel (dhlad , A ∈ B(R)), ìpou (p�li) {X ∈ A} = {ω ∈ Ω: X(ω) ∈ A}.

Sun jwc, h katanom  thc tuqaÐac metablht c X : Ω → R perigr�fetai mèsw thc onomazìmenhc
sun�rthshc katanom c F = FX thc X (sto R), h opoÐa eÐnai h sun�rthsh FX : R → [0, 1], pou
orÐzetai wc

FX(x) = P (X ≤ x) = µX((−∞, x]), gia k�je x ∈ R.

Prìtash 5.23. H sun�rthsh katanom c F èqei tic ex c idiìthtec:

• limx→−∞ F (x) = 0, limx→+∞ F (x) = 1,

• gia k�je x < y, F (x) ≤ F (y),

• h F eÐnai suneq c apì dexi�, dhlad , F (x + h) → F (x), kaj¸c h ↓ 0.

Epiplèon, gia k�je x, y ∈ R, h sun�rthsh katanom c F ikanopoieÐ tic ex c sqèseic:

• P (X > x) = 1− F (x),

• P (x < X ≤ y) = F (y)− F (x),

• P (X = x) = F (x)− limy↑x F (y).

5.3. Diakritèc TuqaÐec Metablhtèc

Orismìc 5.50. H sun�rthsh X : Ω → R sto q¸ro pijanìthtac (Ω,F , P ) onom�zetai di-
akrit  tuqaÐa metablht , ìtan to X(Ω) eÐnai èna arijm simo sÔnolo pragmatik¸n arijm¸n,
X(Ω) = {xi}i=1,2,..., tètoio ¸ste, gia k�je i = 1, 2, . . . , na èqoume {X = xi} ∈ F (ìpou p�li
{X = xi} = {ω ∈ Ω: X(ω) = xi}).

'Ara, ìtan o deigmatoq¸roc Ω eÐnai arijm simoc, h tuqaÐa metablht  X: Ω → R eÐnai diakrit .

Par�deigma 5.12. Dojèntoc tou metr simou gegonìtoc A sto deigmatoq¸ro Ω, h qarakthristik 
sun�rthsh IA eÐnai mia diakrit  tuqaÐa metablht .

Orismìc 5.51. 'Estw h diakrit  tuqaÐa metablht  X: Ω → R, h opoÐa paÐrnei timèc sto arijm simo
sÔnolo pragmatik¸n arijm¸n X(Ω) = {xi}i=1,2,... (ìpou upojètoume pwc ta xi eÐnai diakritoÐ arijmoÐ).
Tìte h sun�rthsh f = fX : R → [0, 1], pou orÐzetai wc fX(x) = P (X = x), onom�zetai sun�rthsh
m�zac thc diakrit c tuqaÐac metablht c X.
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'Etsi, gia k�je sÔnolo Borel A ⊂ R , èqoume

P (x ∈ A) =
∑
xi∈A

f(xi).

Oi sunart seic katanom c kai m�zac F, f miac diakrit c tuqaÐac metablht c X sundèontai mèsw twn
sqèsewn:

F (x) =
∑
xi≤x

f(xi), f(x) = F (x)− lim
y↑x

F (y).

Epomènwc, h katanom  µX thc diakrit c tuqaÐac metablht c X anaparÐstatai apì to di�nusma pi-
janìthtac (µi : i tètoio ¸ste xi ∈ X(Ω)), ìpou µi = f(xi) = P (X = xi), gia k�je i tètoio ¸ste
xi ∈ X(Ω). Profan¸c, µi > 0, gia k�je i = 1, 2, . . . , kai

∑
i: xi∈X(Ω) µi = 1.

Par�deigma 5.13. H katanom  Bernoulli : Sthn eidikìterh perÐptwsh thc prohgoumènhc, pou h
tuqaÐa metablht  X : Ω → R paÐrnei mìno duo timèc, ac poÔme, X(Ω) = {0, 1}, lème ìti èqoume mia
dokim  Bernoulli kai ìti h tuqaÐa metablht  X akoloujeÐ thn katanom  Bernoulli. Tìte, h sun�rthsh
katanom c F (x) = P (X ≤ x) kai h sun�rthsh m�zac f(x) = P (X = x) dÐnontai wc ex c:

F (x) =


0, ìtan x < 0,
1− p, ìtan 0 ≤ x < 1,
1, ìtan x ≥ 1,

f(0) = 1− p, f(1) = p,

ìpou p = P (X = 1) > 0 onom�zetai pijanìthta epituqÐac thc dokim c Bernoulli X (kai 1 − p =
P (X = 0)).

Par�deigma 5.14. H diwnumik  katanom  : 'Estw ìti èqoume n anex�rthtec dokimèc Bernoulli
X1, . . . , Xn, h k�je mia apì tic opoÐec èqei pijanìthta epituqÐac p > 0. Upojètoume ìti oi dokimèc
autèc eÐnai (metaxÔ touc) anex�rthtec me thn ènnoia ìti, gia k�je duo Xi, Xj , i, j = 1, . . . , n, i 6= j,
ta gegonìta {Xi = 0} (  {Xi = 1}) kai {Xj = 0} (  {Xj = 1}) eÐnai (antistoÐqwc) anex�rthta.
JewroÔme, tìte, thn tuqaÐa metablht  Y = X1 + . . . + Xn. Profan¸c, h Y eÐnai mia diakrit  tuqaÐa
metablht , pou paÐrnei timèc sto sÔnolo {0, 1, . . . , n}. Tìte lème ìti h tuqaÐa metablht  Y akoloujeÐ
th diwnumik  katanom  me paramètrouc n kai p, thn opoÐa sun jwc sumbolÐzoume wc bin(n, p). Me
ènan aplì upologismì, brÐskoume ìti h sun�rthsh m�zac thc Y eÐnai

f(k) =
(

n
k

)
p k(1− p)n−k, k = 0, 1, . . . , n.

Par�deigma 5.15. H katanom  Poisson : H diakrit  tuqaÐa metablht  X: Ω → R, pou paÐrnei timèc
sto sÔnolo twn mh arnhtik¸n akèraiwn arijm¸n X(Ω) = {0, 1, 2, . . .} kai èqei thn ex c sun�rthsh
m�zac

f(k) =
λk

k!
e−λ, k = 0, 1, 2, . . . ,

gia k�poio λ > 0, lègetai ìti akoloujeÐ thn katanom  Poisson me par�metro λ.

Orismìc 5.52. 'Estw h diakrit  tuqaÐa metablht  X: Ω → R sto q¸ro pijanìthtac (Ω,F , P ) kai
èstw (µk : k tètoio ¸ste xk ∈ X(Ω)) to di�nusma pijanìthtac thc X. H mèsh   anamenìmenh tim 
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E(X) thc diakrit c tuqaÐac metablht c X orÐzetai wc:

E(X) =
∑

k: xk∈X(Ω)

kµk =

=
∑
x∈R

xP (X = x),

efìson to parap�nw �jroisma sugklÐnei apolÔtwc.

Prìtash 5.24. 'Estw f(x) h sun�rthsh m�zac thc diakrit c tuqaÐac metablht c X kai èstw h
apeikìnish g : R → R. Tìte

E(g(X)) =
∑
x∈R

g(x)f(x),

efìson to parap�nw �jroisma sugklÐnei apolÔtwc.

Orismìc 5.53. 'Estw h diakrit  tuqaÐa metablht  X kai èstw o jetikìc akèraioc arijmìc k.

(i) H k-ost  rop  mk kai h k-ost  kentrik  rop  σk thc X orÐzontai antistoÐqwc wc:

mk = E(Xk) =
σk = E((X −m1)k).

(ii) H metablhtìthta var(X) thc X orÐzetai wc:

var(X) = σ2 = E((X − E(X))2) =
= E(X2)− (E(|X|))2.

Par�deigma 5.16. Gia thn katanom  Bernoulli, E(X) = p kai var(X) = p(1−p), gia th diwnumik 
katanom  bin(n, p), E(X) = np kai var(X) = np(1 − p), kai, gia thn katanom  Poisson, E(X) =
var(X) = λ.

5.4. SuneqeÐc TuqaÐec Metablhtèc

Orismìc 5.54. 'Estw h tuqaÐa metablht  X : Ω → R sto q¸ro pijanìthtac (Ω,F , P ). H X
onom�zetai suneq c tuqaÐa metablht , an h sun�rthsh katanom c F (x) = FX(x) = P (X ≤ x) eÐnai
mia apolÔtwc suneq c sun�rthsh, opìte h F mporeÐ na anaparastajeÐ wc

F (x) =

x∫
−∞

f(y) dy, x ∈ R,

gia mia oloklhr¸simh sun�rthsh f = fX : R → [0,∞), pou onom�zetai sun�rthsh puknìthtac thc
tuqaÐac metablht c X. Fusik�, an h F (x) eÐnai diaforÐsimh sto x, tìte f(x) = F ′(x).

'Etsi, gia k�je sÔnolo Borel A ⊂ R , èqoume

P (x ∈ A) =
∫

A
f(x) dx.
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Orismìc 5.55. 'Estw h suneq c tuqaÐa metablht  X: Ω → R sto q¸ro pijanìthtac (Ω,F , P ) kai
èstw f(x) h sun�rthsh puknìthtac thc X. H mèsh   anamenìmenh tim  E(X) thc suneqoÔc tuqaÐac
metablht c X orÐzetai wc:

E(X) =

∞∫
−∞

xf(x) dx,

efìson up�rqei to parap�nw olokl rwma.

Prìtash 5.25. 'Estw fX(x) h sun�rthsh puknìthtac thc suneqoÔc tuqaÐac metablht c X kai
èstw h apeikìnish g : R → R, pou eÐnai tètoia ¸ste h g(X) na eÐnai suneq c tuqaÐa metablht . Tìte

E(g(X)) =
∫ ∞

−∞
g(x)fX(x) dx,

efìson up�rqei to parap�nw olokl rwma.

Orismìc 5.56. 'Estw h suneq c tuqaÐa metablht  X kai èstw o jetikìc akèraioc arijmìc k.

(i) H k-ost  rop  mk kai h k-ost  kentrik  rop  σk thc X orÐzontai antistoÐqwc wc:

mk = E(Xk) =
σk = E((X −m1)k).

(ii) H metablhtìthta var(X) thc X orÐzetai wc:

var(X) = σ2 = E((X − E(X))2) =
= E(X2)− (E(|X|))2.

Par�deigma 5.17. H omoiìmorfh katanom  : Lème ìti mia suneq c tuqaÐa metablht  X eÐnai omoiì-
morfh sto di�sthma [a, b]   ìti katanèmetai omoiìrfa sto di�sthma autì, an h sun�rthsh katanom c
thc eÐnai h ex c:

F (x) =


0, gia x ≤ a,
x− a

b− a
, gia a < x ≤ b,

1, gia x > b.

Qontrik� mporoÔme na poÔme ìti h omoiìmorfh katanom  paÐrnei opoiad pote tim  metaxÔ a kai b me
thn Ðdia pijanìthta. Akìmh, gia thn omoiìmorfh katanom , f(x) = (b − a)−1, E(X) = (a + b)/2 kai
var(X) = (b− a)2/12.

Par�deigma 5.18. H ekjetik  katanom  : Lème ìti mia suneq c tuqaÐa metablht  X eÐnai ekjetik 
me par�metro λ (> 0)   ìti katanèmetai ekjetik� me thn par�metro aut , an h sun�rthsh katanom c
thc eÐnai h ex c:

F (x) = 1− eλx, gia x ≥ 0.

Gia thn ekjetik  katanom , f(x) = λ eλx, E(X) = 1/λ kai var(X) = 1/λ2.

Par�deigma 5.19. H kanonik  katanom  : Lème ìti mia suneq c tuqaÐa metablht  X eÐnai kanonik 
me par�metrouc µ kai σ2   ìti h X akoloujeÐ thn kanonik  katanom    katanom  tou Gauss me tic
paramètrouc autèc, an h sun�rthsh puknìtht�c thc eÐnai h ex c:

f(x) =
1√

2πσ2
exp

(
−(x− µ)2

2σ2

)
, gia −∞ < x < ∞.

Aut  h kanonik  katanom  sumbolÐzetai me N(µ, σ2) kai èqei E(X) = µ kai var(X) = σ2.
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5.5. Ex�rthsh TuqaÐwn Metablht¸n kai Upì Sunj kh Katanomèc

Orismìc 5.57. 'Estw o q¸roc pijanìthtac (Ω,F , P ) kai dÔo tuqaÐec metablhtèc X1, X2 : Ω → R.
Oi X1 kai X2 lègontai anex�rthtec, an, gia k�je duo sÔnola Borel B1, B2 ∈ B(R), ta gegonìta
{X1 ∈ B1} kai {X2 ∈ B2} eÐnai metaxÔ touc anex�rthta. Eidikìtera, autì shmaÐnei ìti, gia k�je duo
timèc x1, x2 ∈ R,

• ta gegonìta {X1 = x1} kai {X2 = x2} eÐnai anex�rthta, ìtan oi duo tuqaÐec metablhtèc eÐnai
diakritèc,

• ta gegonìta {X1 ≤ x1} kai {X2 ≤ x2} eÐnai anex�rthta, ìtan oi duo tuqaÐec metablhtèc eÐnai
suneqeÐc.

'Opwc kai sthn perÐptwsh thc anexarthsÐac twn gegonìtwn, o orismìc autìc mporeÐ amèswc na genikeu-
jeÐ gia opoiad pote arijm simh sullog  tuqaÐwn metablht¸n.

Up�rqei ki ènac èmmesoc trìpoc na melethjeÐ h anexarthsÐa duo tuqaÐwn metablht¸n ki autìc gÐnetai
mèsw thc koin c touc katanom c, ìpwc eis�getai sth sunèqeia.

Orismìc 5.58. Dojèntwn duo tuqaÐwn metablht¸n X kai Y sto q¸ro pijanìthtac (Ω,F , P ), h
sun�rthsh koin c katanom c touc FX,Y : R2 → [0, 1] orÐzetai wc:

FX,Y (x, y) = P (X ≤ x, Y ≤ y), gia x, y ∈ R.

Epiplèon, an oi X kai Y eÐnai diakritèc tuqaÐec metablhtèc, mporeÐ na orisjeÐ kai h sun�rthsh koin c
m�zac touc fX,Y : R2 → [0, 1] wc:

fX,Y (x, y) = P (X = x, Y = y), gia x, y ∈ R,

en¸, an oi X kai Y eÐnai suneqeÐc tuqaÐec metablhtèc, mporeÐ na orisjeÐ kai h sun�rthsh koin c
puknìtht�c touc fX,Y : R2 → [0,∞) wc mia oloklhr¸simh sun�rthsh tètoia ¸ste:

FX,Y (x, y) =
∫ y

v=−∞

∫ x

u=−∞
fX,Y (u, v) du dv, gia x, y ∈ R.

Profan¸c, an h FX,Y eÐnai arket� diaforÐsimh, tìte fX,Y (x, y) = ∂2

∂x∂y FX,Y (x, y).

Prìtash 5.26. Oi duo tuqaÐec metablhtèc X kai Y eÐnai anex�rthtec an kai mìnon an

fX,Y (x, y) = fX(x) fY (y),

ìpou fX(x), fY (y) eÐnai oi sunart seic m�zac twn X, Y (antistoÐqwc), ìtan oi metablhtèc autèc
eÐnai diakritèc,   oi sunart seic puknìthtac, ìtan eÐnai suneqeÐc (efìson, bèbaia, up�rqoun oi
fX,Y (x, y), fX(x), fY (y) sth suneq  perÐptwsh).

Par�deigma 5.20. H polumetablht  kanonik  katanom  : 'Estw X = (X1, X2, . . . , Xn) mia
peperasmènh akoloujÐa suneq¸n tuqaÐwn metablht¸n. Lème ìti h X akoloujeÐ thn polumetablht 
kanonik  katanom  N(µ, V ), an èqei koin  sun�rthsh puknìthtac

f(x) =
1√

(2π)n|V |
exp

[
−1

2
(x− µ)V −1(x− µ)T

]
, gia x ∈ Rn,

ìpou to di�nusma twn mèswn tim¸n µ = (µ1, µ2, . . . , µn) èqei stajerèc sunist¸sec kai o pÐnakac thc
sundiaspor�c V eÐnai ènac jetik� orismènoc summetrikìc pÐnakac n× n (me orÐzousa |V |).

Prìtash 5.27. 'Estw oi duo tuqaÐec metablhtèc X kai Y kai h apeikìnish g : R2 → R, h opoÐa
eÐnai tètoia ¸ste kai h g(X, Y ) na eÐnai tuqaÐa metablht . Tìte:
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• ìtan oi X kai Y eÐnai diakritèc tuqaÐec metablhtèc me sun�rthsh koin c m�zac fX,Y ,

E(g(X, Y )) =
∑

x,y∈R
g(x, y) fX,Y (x, y),

efìson to parap�nw �jroisma suklÐnei apolÔtwc, kai

• ìtan oi X kai Y eÐnai suneqeÐc tuqaÐec metablhtèc me sun�rthsh koin c puknìthtac fX,Y ,

E(g(X, Y )) =
∫ ∞

−∞

∫ ∞

−∞
g(x, y) fX,Y (x, y) dx dy,

efìson up�rqei to parap�nw olokl rwma.

Orismìc 5.59. 'Estw X, Y duo tuqaÐec metablhtèc me mèsec timèc E(X), E(Y ) kai metablhtìtec
var(X), var(Y ) (antistoÐqwc).

(i) H sundiaspor� (covariance) twn X kai Y , pou sumbolÐzetai me cov(X, Y ), orÐzetai wc:

cov(X, Y ) = E((X − E(X))(Y − E(Y ))) =
= E(XY )− E(X)E(Y ).

Profan¸c, cov(X, X) = var(X).

(ii) O suntelest c susqètishc ( , apl¸c, h susqètish) twn X kai Y , pou sumbolÐzetai me ρ(X, Y ),
orÐzetai wc:

ρ(X, Y ) =
cov(X, Y )√

var(X) var(Y )
,

efìson oi metablhtìtec twn duo tuqaÐwn metablht¸n den eÐnai mhdenikèc. Sthn perÐptwsh Y =
X, to ρ(X, X) onom�zetai suntelest c autosusqètishc thc X.

(iii) Oi tuqaÐec metablhtèc X kai Y onom�zontai asusqètistec, an cov(X, Y ) = 0 (  ρ(X, Y ) = 0).

Prìtash 5.28. An oi duo tuqaÐec metablhtèc X kai Y eÐnai anex�rthtec, tìte autèc eÐnai kai
asusqètistec. All� to antÐstrofo den isqÔei p�nta.

Orismìc 5.60. Dojèntwn duo tuqaÐwn metablht¸n X kai Y sto q¸ro pijanìthtac (Ω,F , P ), h
sun�rthsh upì sunj khc katanom c thc Y, ìtan X = x, FY |X : R2 → [0, 1], orÐzetai wc:

FY |X(y |x) = P (Y ≤ y |X = x), gia x, y ∈ R kai x tètoio ¸ste P (X = x) > 0.

Epiplèon, an oi X kai Y eÐnai diakritèc tuqaÐec metablhtèc, mporeÐ na orisjeÐ kai h sun�rthsh upì
sunj khc m�zac thc Y, ìtan X = x, fY |X : R2 → [0, 1], wc:

fY |X(y |x) = P (Y = y |X = x), gia x, y ∈ R kai x tètoio ¸ste P (X = x) > 0,

en¸, an oi X kai Y eÐnai suneqeÐc tuqaÐec metablhtèc, mporeÐ na orisjeÐ kai h sun�rthsh upì sunj khc
puknìtht�c thc Y, ìtan X = x, fX,Y : R2 → [0,∞), wc mia oloklhr¸simh sun�rthsh tètoia ¸ste:

FY |X(y |x) =
∫ y

v=−∞
fY |X(y |u) du, gia x, y ∈ R kai x tètoio ¸ste fX(x) > 0.

Epomènwc,
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fY |X(y |x) =
f(x, y)
fX(x)

, gia x, y ∈ R kai x tètoio ¸ste fX(x) > 0.

Je¸rhma 5.49. H upì sunj kh mèsh (  anamenìmenh) tim  thc Y, ìtan X = x, E(Y |X), eÐnai
mia tuqaÐa metablht  me mèsh (  anamenìmenh) tim 

E(E(Y |X)) = E(Y ).
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